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Abstract
The distributed setting for Saddle Problems (SPs) has recently emerged as a framework for various
modern applications in machine learning and multiagent systems. Despite its relevance, the theoret-
ical foundations of this setting have not yet been thoroughly established. In this paper, we advance
this research direction by formalizing the distributed setup for SPs and providing rigorous defini-
tions of communication and computational costs. Our main result is a novel decoupled method that
achieves optimal communication cost within the gradient-span framework. Our method is based on
a multi-stage reduction to the decoupled minimization of residual norms, which matches the lower
bound on communication complexity and yields a strict improvement over the long-standing com-
putational complexity of the Extragradient method in the general convex-concave setting. Finally,
we study the extension of distributed SP into Variational Inequality Problem (VIP), which general-
izes two-player zero-sum games to multiplayer general-sum games. We show that our decoupled
method achieves a new state-of-the-art communication complexity for this broader class.
Keywords: convex optimization, distributed optimization, complexity bounds, saddle problems,
variational inequalities, extra-gradient method, fast gradient method.

1. Introduction

Motivation. Saddle problems (SPs) and their generalizations, variational inequality problems (VIPs),
are fundamental problem classes in optimization and variational analysis. Beyond their theoretical
significance, they have a wide array of modern applications, including the training of Generative
Adversarial Networks (Goodfellow et al., 2014), robust optimization (Ben-Tal and Nemirovski,
2002), and equilibrium computation in game theory and multiagent systems (von Neumann and
Morgenstern, 1947; Rosen, 1965; Hu et al., 1998).

The growing scale of modern problems—driven by massive datasets in machine learning, com-
plex game dynamics, and multiagent protocols—renders reliance on a single central processor in-
creasingly impractical. Beyond scalability, many applications are inherently distributed: agents
are often geographically dispersed, driven by their own individual interests, and bound by privacy
constraints that prohibit the sharing of raw data or utilities. Consequently, distributed computation
has become an essential regime for these problems. This perspective underlies a growing body
of work in large-scale learning, game-theoretic models, and multiagent systems (McMahan et al.,
2017; Zhang et al., 2024; Conitzer and Sandholm, 2004; Nisan and Segal, 2006; Hart and Mansour,
2010; Yoon et al., 2025).

In this work, we consider a natural setup where the decision variables of the SPs or VIPs are
partitioned among different agents. For instance, in a classic saddle problem minxmaxy F (x,y),
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we consider one agent controls the minimizing variable x while another controls the maximizing
variable y. This partition naturally models, for instance, the strategic autonomy of players in game
theory, the interaction protocol in multiagent systems, and the physical separation of the generator
and discriminator in GANs (Conitzer and Sandholm, 2004; Goodfellow et al., 2014). Since the
decision variables are coupled within their utilities, these agents must coordinate to reach a mutual
equilibrium. To do so, they form a communication network that allows them to exchange certain
information, such as their current decision variables. Thus, this provides a natural distributed setup
where the decision variables are separated among the different agents.

While distributed optimization is well-established for finite-sum minimization and federated
learning (Schmidt et al., 2017; McMahan et al., 2017), the literature on Saddle Problems has primar-
ily focused on extending these data-distributed paradigms (Deng and Mahdavi, 2021; Beznosikov
et al., 2025). In contrast, the setting where decision variables and utility functions are partitioned
among autonomous agents—essential for the multi-agent applications discussed earlier—remains a
relatively new topic.

Although a few recent works have touched upon this direction (Zhang et al., 2024; Zindari
et al., 2025; Yoon et al., 2025; Yoon and Loizou, 2025), they predominantly focus on algorithms
tailored to specific, favorable scenarios. Consequently, a fundamental gap persists: the lack of
a systematic theoretical framework for the general setting of distributed SPs and VIPs. Existing
discussions regarding performance often remain at a vague conceptual level, lacking a rigorous
formalization of the distributed environment itself. Specifically, there are no standardized definitions
for communication and computational complexities in this context. Without such a foundation,
it can be difficult to determine the inherent performance limits (lower bounds) or to rigorously
compare the efficiency of different protocols.

To enable a rigorous analysis, it is essential to establish metrics that reflect the constraints of
distributed multiagent systems, where network latency and bandwidth often dwarf local processing
time. In this regime, the primary bottleneck is the communication cost (exchange rounds), while the
computational cost (local gradient queries) is a secondary objective. Viewed through this lens, the
Extragradient (EG) method (Tseng, 1995; Nemirovski, 2004) serves as the “gold standard” baseline,
though the challenges associated with it differ by metric. Regarding computational complexity,
strictly improving upon EG for general monotone problems has remained an elusive goal despite
over two decades of research. Regarding communication complexity—a metric that has recently
come into focus with the rise of distributed systems—EG similarly defines the current state-of-the-
art. Surpassing this baseline in the general setting represents a new but critical open problem.

This leads to the following research questions:
• Formalization and Limits: How can we rigorously formalize the communication and com-

putational complexities for distributed SPs?

• Computational Efficiency: Is it possible to strictly improve upon the long-standing compu-
tational complexity of the EG method for general SPs?

• Communication Efficiency: Can we design an algorithm that surpasses the state-of-the-art
communication bounds for general SPs and VIPs?

Contributions. We answer the aforementioned questions in the affirmative, which advances the
current theory of distributed SPs and VIPs.

• In Section 2, we rigorously define the distributed setup, with the information-based notions of
distributed algorithms and their communication and computational costs.
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• In Section 3, we propose a template communication-efficient method for SPs, whose main
idea is to reduce SPs to coordinate-wise subproblems that can be solved in a decoupled way.
This method (a) improves the state-of-the-art communication cost, and (b) strictly improves
the long-standing computational cost of the classic EG method.

• Then, in Section 4 we explain the technical components, with which we obtain a concrete
algorithm in Section 5. Further, Section 6 establishes the communication optimality of our
algorithm within the gradient-span framework.

• Finally, in Section 7, we discuss extensions to VIPs (with details relegated to Appendix D).
We show that an extended variant of our decoupled method improves the state-of-the-art com-
munication complexity of the class.

Notations. Let [n] ≜ {1, · · · , n}. For any finite-dimensional real vector space E with Euclidean
norm ∥·∥E , we use ∥·∥E∗ to denote its dual norm. Let the finite-dimensional real vector space Ex
be equipped with the Euclidean norm ∥x∥x = ⟨Pxx,x⟩

1
2 , where Px : Ex → E∗

x is a self-adjoint
positive definite linear operator, and the dual pairing ⟨ϕx,x⟩ represents ϕx(x) ; and let ∥·∥x∗ be
the dual norm of ∥·∥x. We consider similar geometries for the spaces of Ey, Ei (i ∈ [K]), and Ê
considered in this paper, with their respective self-adjoint positive definite linear operators Py, Pi,
and P̂. For any function ψ : E → R ∪ {+∞}, let domψ denote its effective domain, and let ∂ψ(z)
denote its subdifferential at point z ∈ domψ.

2. Convex-concave saddle problems

We are interested in the convex-concave saddle problems (SPs) given by (f, ψx, ψy) as follows:

min
x∈domψx

max
y∈domψy

[F (x,y) ≜ f(x,y) + ψx(x)− ψy(y)], (1)

where the functions ψx(·) : Ex → R ∪ {+∞} and ψy(·) : Ey → R ∪ {+∞} have simple structures,
the function f(·, ·) is real-valued and defined on an open set containing Q ≜ domψx×domψy. To
simplify the notations, we denote z ≜ (x,y) ∈ Q in the context of SPs.

2.1. Distributed first-order algorithm: Communication and computational costs

We consider a setting where there are two distributed agents: Agent x controls decision variable
x ∈ domψx and has direct access to the function ψx, while Agent y controls y ∈ domψy and has
direct access to the function ψy. Moreover, we assume Agents x and y can also interact with the
function f , but only through their respective oracles Ox and Oy. An oracle is a standard notion in
black-box optimization (Nemirovskij and Yudin, 1983) that takes an input point and returns certain
information about the function at this point. It should be noted that Agent x does not have direct
access to oracle Oy, and Agent y does not have direct access to oracle Ox. However, Agents x and y
are connected via a global communication channel, where they can exchange certain information
from time to time.

More precisely, we consider algorithms defined in the following way.

Distributed algorithm. Given oracles Ox and Oy, a distributed algorithm for a problem class P is
a procedure that proceeds in a sequence of communication rounds. A problem class is the collection
of all the saddle problems of form (1) satisfying certain assumptions. (We will introduce a specific
problem class of interest in Section 2.2.) We consider an algorithm as a sequence of methods that
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prescribe the agents what to do at each communication round. Thus, let us denote such a method as
M = (M t

x,M
t
y , M̄

t)t≥0, where the tuple (M t
x,M

t
y , M̄

t) contains the prescribed methods to the
agents at communication round t. At the beginning, the local information sets of the agents, I0

x and
I0
y , are both empty sets. At each communication round t ≥ 0, the agents proceed with three phases:
1. Local Computation Tasks: Each agent runs a local method that iteratively queries its oracle

a number of times and accumulates information about the problem. In the distributed SP
considered here, Agents x and y are prescribed with the methods M t

x and M t
y for them to

run locally. Let us explain the local methods in more detail. Starting with information set
Itx, Agent x runs the local computation method M t

x: specifically, Agent x is guided by its
local method M t

x to iteratively query oracle Ox, collect the answers A t
x from the oracle,

and expand its local information set with these answers Ĩtx = (Itx,A t
x ). Similarly, starting

with information set Ity, Agent y runs the local computation method M t
y to iteratively query

oracle Oy and expand its local information set Ĩty.

2. Waiting: Upon completing its local task, an agent enters a wait state (idles).

3. Communication: Communication is triggered only when both agents have entered the wait
state. At this moment, the agents start with their respective local information sets Ĩtx and Ĩty
and run the global communication method of M̄ t. The global communication method guides
the agents to produce certain (to-be-exchanged) information from their local information sets,
to communicate with the other agents with their produced information, and then guide them
to generate an approximate solution together. Specifically, guided by M̄ t: Agent x produces
certain information Ītx from its local information set Ĩtx and sends them to Agent y; Agent y
produces certain information Īty from its local information set Ĩty and sends them to Agent x;
the agents expand their local information sets (that is, It+1

x = (Ĩtx, Īty) and It+1
y = (Ĩty, Ītx));

and the agents jointly generate an approximate solution z̄t+1 from these updated information
sets. Formally, we denote this entire communication procedure as

(z̄t+1, It+1
x , It+1

y ) = M̄ t(Ĩtx, Ĩty).
Upon completion of procedure M̄ t, the agents proceed to the next round with It+1

x and It+1
y .

In the above definitions, we work with the information-based complexity, which does not put
any restrictions on the arithmetical or memory complexities of the methods. In practice, however,
it is important that each operation can be efficiently implemented and memory is maintained effi-
ciently (e.g., agents need to keep in memory and send to each other only a few vectors). This is
typically the case for all algorithms we consider in this paper. We also remark that the above de-
scription defines only deterministic methods. But every rule can in principle be randomized and then
this would naturally define a randomized method. However, in this paper, for the sake of simplicity,
we only focus on deterministic methods.

Communication and computational costs. Let the problem class P comprise certain SP in-
stances. For any problem instance P ∈ P , let ∆P (·) be an accuracy measure that maps any
solution z ∈ Q to a non-negative number indicating its approximation error. For any distributed
first-order algorithm M and any problem instance P ∈ P , let z̄t+1(M , P ) denote the approximate
solution z̄t+1 obtained when algorithm M runs on the instance P . For any target accuracy ε, let
TM (ε, P ) denote the number of rounds to reach an ε-approximate solution: that is,

TM (ε, P ) = min
{
T ≥ 1 | ∆P

(
z̄T (M , P )

)
≤ ε

}
.
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If the ε-approximate solution is never reached, then TM (ε, P ) = +∞. Furthermore, if TM (ε, P ) is
finite, let us denote byNM

x (ε, P ) the number of times Agent x queries oracle Ox and byNM
y (ε, P )

the number of times Agent y queries oracle Oy, from round 0 to round TM (ε, P ) − 1. While if
TM (ε, P ) = +∞, let NM

x (ε, P ) = NM
y (ε, P ) = +∞.

Now, we define the following complexity metrics of algorithm M for problem class P: (for
any target accuracy ε > 0)

• Communication cost: TM
P (ε) = maxP∈P TM (ε, P );

• Computational cost: NM
P (ε) = maxP∈P

[
cxN

M
x (ε, P )+cyN

M
y (ε, P )

]
, where the weights

cx, cy ≥ 0 are constants.
We consider the weighted computational cost for the simplicity of presentation. For any given
algorithm: with (cx = 1, cy = 0) or (cx = 0, cy = 1), our weighted cost is equivalent to the query
complexity of oracle Ox or oracle Oy, respectively; and with (cx = 1

2 , cy = 1
2), our weighted cost

is equivalent to the query complexity of full oracle (Ox,Oy) in the classic non-distributed settings
up to a constant 2.

Finally, among all the algorithms, we consider the communication cost as the main metric and
the computational cost as the secondary metric. Specifically, for any fixed accuracy ε, among the
distributed algorithms, we consider the algorithm M with smaller communication cost TM

P (ε) to be
more efficient; and if the algorithms have the same communication cost, we consider the algorithm
M with smaller computational cost NM

P (ε) to be more efficient.

2.2. Problem class, oracles, and accuracy measure

Now, we introduce the problem class, oracles, and accuracy measures for the class of SPs studied
in this paper. They are indeed standard descriptions in the literature of convex-concave SPs (Ne-
mirovski, 2004; Wang and Li, 2020; Zhang et al., 2022).

Problem class PSP . We focus on the problem class PSP that comprises all the SP instances of
form (1) under Assumptions (A1) to (A3):
(A1) The function f(·,y) is convex in x ∈ domψx for any fixed y ∈ domψy. The function f(x, ·)

is concave in y ∈ domψy for any fixed x ∈ domψx. The functions ψx and ψy are proper
closed convex functions.

(A2) Problem (1) has a saddle point (x∗,y∗) ∈ Q such that x∗ ∈ Bx and y∗ ∈ By, where Bx ≜
{x ∈ Ex | ∥x0 − x∥x ≤ Dx}, By ≜ {y ∈ Ey | ∥y0 − y∥y ≤ Dy}, z0 = (x0,y0) ∈ Q is a
given point, and Dx, Dy > 0 are given distances.

(A3) The function f(·, ·) is continuously differentiable overQ. Moreover, there existsLx, Lxy, Ly >
0 such that for all x,x′ ∈ domψx and y,y′ ∈ domψy, we have

∥∇xf(x
′,y′)−∇xf(x,y)∥x∗ ≤ Lx∥x′ − x∥x + Lxy∥y′ − y∥y,

∥∇yf(x
′,y′)−∇yf(x,y)∥y∗ ≤ Lxy∥x′ − x∥x + Ly∥y′ − y∥y.

Oracles. This paper considers the following deterministic partial gradient oracles: for any input
point z ∈ Q, the oracle Ox returns Ox(z) = ∇xf(z); and the oracle Oy returns Oy(z) = −∇yf(z).
These oracles can be queried separately by their respective agents, by different number of times,
and at different input points.

Let us provide a concrete example for the abstract oracle settings. Consider f(z) = g(z) +
fx(x)−fy(y), where the function g is the global coupled utility, and the functions fx and fy are the
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private utilities of Agents x and y, respectively. Then, the deterministic partial gradient oracles are
given by Ox(z) = ∇xg(z) +∇fx(x) and Oy(z) = −∇yg(z) +∇fy(y), for all z ∈ Q. The agents
are distributed in the sense that an agent cannot query the other agent’s oracle. In this example,
Agent x does not have access to Agent y’s private utility fy, and vice versa.

Accuracy measure. For a pair of decisions (x̄, ȳ) ∈ Q, we use the following accuracy measure:

∆(x̄, ȳ) ≜ max
z∈B∩Q

[F (x̄,y)− F (x, ȳ)],

where B ≜ Bx × By. We say that (x̄, ȳ) ∈ Q is an ε-approximate saddle point of Problem (1) if
∆(x̄, ȳ) ≤ ε. Our goal is to find such an ε-approximate saddle point for any ε > 0. For the classic
problem of constrained optimization with bounded domains, one can enclose the constrained sets
in the balls Bx and By with sufficiently large radius (e.g., the diameter of the constrained sets), then
the restricted saddle problem in form (1) coincides with the original one.

2.3. Communication-efficient algorithmic results from existing literature

The classic EG method has convergence guarantee in the number of iterations (Nemirovski, 2004;
Juditsky et al., 2011); while in our distributed setup, each iteration of EG takes two communication
rounds and two queries to Ox and Oy, respectively. Therefore, we state the communication and
computational costs of EG implied from its existing analysis.

Proposition 1 (Juditsky et al. (2011, Eq. (6.21))) For the EG method for SPs, for any ε > 0,

T EG
PSP

(ε) =
LxyDxDy

ε
+
LxD

2
x

ε
+
LyD

2
y

ε
,

NEG
PSP

(ε) = (cx + cy) ·
(LxyDxDy

ε
+
LxD

2
x

ε
+
LyD

2
y

ε

)
.

In the distributed setup, some recent papers (Zhang et al., 2024; Yoon et al., 2025; Yoon and
Loizou, 2025) propose different communication-efficient approaches using stochastic gradient or-
acles; however, when applied to standard deterministic oracles, these methods fail to outperform
the communication cost of EG. While Zindari et al. (2025) achieves logarithmic communication
rounds, their result is limited to the special case of weakly-coupled problems. Consequently, the
classic EG method remains a formidable baseline, and improving its communication complexity for
general distributed SPs remains a significant challenge.

3. (Template) Decoupled method for saddle problems

In this section, we provide a (template) communication-efficient algorithm, which reduces an SP
into a sequence of coordinate-wise computation tasks that can be solved in a fully decoupled way.

Assembled norm. Let αx, αy > 0 (to be fixed later). Let the block diagonal linear operator
P = αxPx ⊕ αyPy.1 We consider the space E to be measured by the following assembled norm:

∥z∥E = ⟨Pz, z⟩
1
2 ≡

√
αx∥x∥2x + αy∥y∥2y, for all z ∈ E .

1. That is, for all z ∈ Ex × Ey , Pz = αxPxx+ αyPyy.
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DM-SP. Now, we introduce the Decoupled Method for Saddle Problems (DM-SP) in Algo-
rithm 1. This algorithm adopts the Reduced-Operator Method (ROM) framework proposed by
Nesterov (2023). While the original ROM defines the midpoint (xt+1,yt+1) via an abstract “Es-
sential Step”, we tailor this step for the distributed setting and show that it allows agents to compute
their respective coordinates in a fully decoupled way. Consequently, each iteration requires only
two communication rounds: first, to exchange the computed midpoints (Line 4); and second, to
exchange the “extragradient” vectors evaluated at these midpoints (Line 6).

Algorithm 1 DM-SP(f, (ψx, ψy), z0, (λt)t≥1, (αx, αy))

1: v0 = (v0
x,v

0
y) = z0.

2: for t = 0, 1, · · · , T − 1 do
3: Let f t(z) ≜ f(z) + αxλt+1

2 ∥x− vtx∥2x −
αyλt+1

2 ∥y − vty∥2y.
4:

Agent x finds xt+1 ≈ argmin
x∈domψx

[
f t(x,vty) + ψx(x)

]
and ψ′

x(x
t+1) ∈ ∂ψx(x

t+1) s.t.

∥∇xf
t(xt+1,vty) + ψ′

x(x
t+1)∥x∗ ≤ δ(t+1)

x ∥xt+1 − vtx∥x,

and Agent y finds yt+1 ≈ argmin
y∈domψy

[
−f t(vtx,y) + ψy(y)

]
and ψ′

y(y
t+1) ∈ ∂ψy(y

t+1) s.t.

∥−∇yf
t(vtx,y

t+1) + ψ′
y(y

t+1)∥y∗ ≤ δ(t+1)
y ∥yt+1 − vty∥y,

where δ(t+1)
x = αxλt+1

2
and δ(t+1)

y = αyλt+1

2
; then exchange zt+1 = (xt+1,yt+1).

5: Generate z̄t+1 = (x̄t+1, ȳt+1) =
(∑T

t=1 at
)−1∑T

t=1 atz
t.

6: Agents x and y compute ∇xf(z
t+1) and −∇yf(z

t+1) respectively; then exchange

Vψ(z
t+1) ≜

(
∇xf(z

t+1) + ψ′
x(x

t+1),−∇yf(z
t+1) + ψ′

y(y
t+1)

)
.

7: at+1 =
2⟨Vψ(zt+1),vt−zt+1⟩

∥Vψ(zt+1)∥2E∗
.

8: vt+1 = (vt+1
x ,vt+1

y ) = argminv∈Q
[
at+1⟨Vψ(zt+1),v⟩+ 1

2∥v − vt∥2E
]
.

9: end for

We say Algorithm 1 is a template method because we have not yet specified the implementation
of its Line 4. We defer the detailed implementation to Section 5. For now, let us proceed with the
main convergence result of Algorithm 1. Our result also considers the case that Dx and Dy are not

known, and we use the inexact estimates D̂x and D̂y instead. Further, let us denote θ ≜
√

DxD̂y

D̂xDy
.

Theorem 2 For the problem class PSP , with the choices of αx =
LxyD̂y

D̂x
, αy =

LxyD̂x

D̂y
, and

λt ≡ λ = 2, the solution z̄T in DM-SP (Algorithm 1) is an ε-approximate saddle point, where

T = 2 +
LxyDxDy

ε
(θ2 + θ−2).

Corollary 3 Following from Theorem 2, the communication cost in DM-SP (Algorithm 1) is mini-

mized when θ = 1 (that is, when the distance estimates D̂x and D̂y satisfy D̂x
Dx

=
D̂y
Dy

). This results
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in the following communication cost:

TDM-SP
PSP

(ε) = O
(LxyDxDy

ε

)
. (2)

Our communication result shows clear improvement over the existing state-of-the-art methods
in distributed setup. Moreover, it also conveys the clear intuition: the communication cost is decided
by the coupled conditioning of LxyDxDy (which measures how much a player’s decision variable
impacts upon the other player’s objective), and is independent of the diagonal conditioning of
LxD

2
x + LyD

2
y . As we will show later in Section 6, this result matches the communication lower

bound, and cannot be further improved by any algorithm under “gradient-span framework”.
Furthermore, with certain concrete implementation of Line 4, this decoupled method would si-

multaneously lead to strict improvement over the long-standing EG method. We defer these detailed
discussions to in Section 5.

4. Technical components

We first introduce the general notion of composite variational inequality problem (VIP) in Sec-
tion 4.1, which is the backbone of our problems. Then, in Sections 4.2 to 4.4, we introduce the three
technical components of our algorithm: (i) Reduced-Operator Method (ROM) that reduces an SP to
an MS subproblem; (ii) Fully Decoupled Solver (FDS) that further reduces a (weakly coupled) MS
subproblem to the coordinate-wise Minimization of Residual Norms (MRNs); and finally, (iii) the
efficient solver for MRNs.

4.1. Preliminary: Variational inequality problems

Let the finite-dimensional real vector space E be equipped with the norm ∥z∥E = ⟨Pz, z⟩
1
2 , where

P : E → E∗ is a self-adjoint positive definite linear operator. For any operator V (·) : domψ → E∗

and any function ψ(·) : E → R ∪ {+∞}, we say that z∗ ∈ E is a solution of the VIP of (V, ψ) if

⟨V (z∗), z− z∗⟩+ ψ(z) ≥ ψ(z∗), for all z ∈ domψ. (3)

Assumption for VIPs. Let us introduce the following assumption:
(A1’) The function ψ is a (simple) proper closed convex function. The operator V is monotone:

⟨V (z′)− V (z), z′ − z⟩ ≥ 0, for all z′, z ∈ domψ.

Under (A1’), z∗ ∈ E is the solution of (3) if and only if 0 ∈ V (z∗) + ∂ψ(z∗).
Indeed, under (A1), the saddle points of (1) coincide with the solutions to the VIP given by

(V (z) = (∇xf(z),−∇yf(z)), ψ(z) = ψx(x) + ψy(y)).

Moreover, the above VIP satisfies (A1’).

4.2. Reduced-operator method for composite variational inequality problems

Now, we introduce the Reduced-Operator Method (ROM) recently introduced in Nesterov (2023),
with which we reduce the VIP to a sequence of Monteiro-Svaiter subproblems (Monteiro and
Svaiter, 2013).2 Let us first define the Monteiro-Svaiter (MS) subproblem, which asks to find an
approximate solution for the regularized problem with small subgradient norm.

2. Appendix A details the nuances of our stepsize choice compared to prior literature.
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MS subproblem. Given an operator V : domψ → E∗, a function ψ : E → R ∪ {+∞}, a
reference point v ∈ domψ, and a real number λ > 0, we say (z+, ψ′(z+)) is a solution of the
MS subproblem if z+ ∈ domψ, ψ′(z+) ∈ ∂ψ(z+), and

∥V (z+) + ψ′(z+) + λP(z+ − v)∥E∗ ≤ λ∥z+ − v∥E . (4)

We will discuss how to solve the MS subproblems later in Section 4.3. But for now, let us
assume there exists a solver MMS(V, ψ, v, λ) for the MS subproblems. Built upon such a solver
MMS, we now introduce ROM in Algorithm 2. At each iteration t: the solver MMS returns a
solution (zt+1, ψ′(zt+1)) for the MS subproblem built at reference point vt; this solution is used as
a midpoint to compute subgradient Vψ(zt+1); then the ‘extra’ step is taken with the stepsize at+1.

Algorithm 2 ROM∥·∥E (V, ψ, z
0, (λt)t≥1 | MMS)

Require: A solver MMS for the MS subproblems.
1: v0 = z0.
2: for t = 0, 1, · · · do
3: (zt+1, ψ′(zt+1)) = MMS(V, ψ,vt, λt+1).
4: Vψ(z

t+1) = V (zt+1) + ψ′(zt+1).

5: at+1 =
2⟨Vψ(zt+1),vt−zt+1⟩

∥Vψ(zt+1)∥2E∗
.

6: vt+1 = argminv∈domψ

[
at+1⟨Vψ(zt+1),v⟩+ 1

2∥v − vt∥2E
]
.

7: end for

Next, let us present the bound for ROM.

Lemma 4 ROM (Algorithm 2) ensures for all v ∈ domψ and for all T ≥ 1,
T−1∑
t=0

at+1⟨Vψ(zt+1), zt+1 − v⟩ ≤ 1

2
∥v0 − v∥2E − 1

2
∥vT − v∥2E .

Moreover, we have at+1 ≥ 1
λt+1

, for all t ≥ 0.

4.3. Fully decoupled solver for MS subproblems with weak couplings

We now address the MS subproblems introduced in Section 4.2. Specifically, we focus on the
subproblems arising from the application of ROM to SPs, given by (V, ψ,v, λ) where

V = (∇xf,−∇yf), ψ(z) = ψx(x) + ψy(y), v = (vx,vy), (5)

and the assembled norm ∥·∥E with parameters αx and αy. In this section, we will introduce a Fully
Decoupled Solver (FDS), which reduces the MS subproblems to coordinate-wise Minimization of
Residual Norms (MRNs).

Let us first define the problem of MRN. The MRN asks to find an approximate solution ẑ+ of
the VIP of (V̂ , ψ̂) with the accuracy specified as follows:3

3. To avoid the notation conflict, we add a hat to the parameter (that looks like ·̂) to indicate that it corresponds to the
coordinate-wise problem.

9
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Minimization of residual norm. Given an operator V̂ : dom ψ̂ → Ê∗, a function ψ̂ : Ê → R∪
{+∞}, a reference point v̂ ∈ dom ψ̂, and an accuracy δ̂ > 0, we say (ẑ+, ψ̂′(ẑ+)) minimizes
the residual norm to δ̂-relative distance accuracy, if ẑ+ ∈ dom ψ̂, ψ̂′(ẑ+) ∈ ∂ψ̂(ẑ+), and

∥V̂ (ẑ+) + ψ̂′(ẑ+)∥Ê∗ ≤ δ̂∥ẑ+ − v̂∥Ê .

Let us, again, defer the discussion of solving MRNs to Section 4.4. But for now, let us assume
there exist solvers MMRN

x and MMRN
y for the coordinate-wise MRNs. We say that an MS subprob-

lem has a weak coupling if λ ≥ 2L̄c ≜ 2Lxy√
αxαy

. In particular, for an MS subproblem with a weak
coupling, we apply Algorithm 3—Fully Decoupled Solver (FDS)—that solves for each decision
variable separately. We show in Lemma 5 that FDS returns the correct solution in one round.

Algorithm 3 FDS∥·∥E ((∇xf,−∇yf), (ψx, ψy),v, λ | (MMRN
x ,MMRN

y ))

Require: Solvers MMRN
x and MMRN

y for the coordinate-wise MRNs.
1: Agent x and Agent y respectively compute

(x+, ψ′
x(x

+)) = MMRN
x

(
∇xf(·,vy), ψx +

αxλ

2
∥· − vx∥2x,vx, δx

)
and

(y+, ψ′
y(y

+)) = MMRN
y

(
−∇yf(vx, ·), ψy +

αyλ

2
∥· − vy∥2y,vy, δy

)
,

where δx = αxλ
2 and δy =

αyλ
2 .

2: return (z+, ψ′(z+)), where z+ = (x+,y+) and ψ′(z+) = (ψ′
x(x

+), ψ′
y(y

+)).

Lemma 5 Under (A3), for λ ≥ 2L̄c, FDS (Algorithm 3) returns a solution of the MS subproblem
introduced in Equation (5).

4.4. Minimization of residual norms

We arrive at the last building component, the Minimization of Residual Norms (MRNs).

Assumptions for MRNs. Let us introduce the following assumptions:
(Â1) The function ψ̂ is a (simple) proper closed convex function. The operator V̂ is monotone over

dom ψ̂.

(Â2) The set-valued operator V̂ + ∂ψ̂ is µ̂-strongly maximally monotone over dom ψ̂.

(Â3) The operator V̂ (ẑ) is L̂-Lipschitz continuous in ẑ ∈ dom ψ̂.
We will leverage efficient existing solvers for MRNs. In particular, for the SPs of interest, the

corresponding coordinate-wise residuals are gradients of convex functions. Therefore, we can use,
for instance, the Accelerated Gradient Method (AGM) from the literature (Lan et al., 2023).

The theoretical guarantee provided in the literature is usually based on the distance-to-solution
accuracy (cf. Definition 6). We show in Lemma 7 that, under strong maximal monotonicity, the
relative distance accuracy required in this paper can be implied from distance-to-solution accuracy.

Definition 6 (Distance-to-solution accuracy) We say that (ẑ+, ψ̂′(ẑ+)) satisfies ε̂-distance-to-
solution accuracy if ẑ+ ∈ dom ψ̂, ψ̂′(ẑ+) ∈ ∂ψ̂(ẑ+), and ∥V̂ (ẑ+) + ψ̂′(ẑ+)∥Ê∗ ≤ ε̂∥v̂ − ˆ̃z∥Ê
for some ˆ̃z in the solution set of the VIP of (V̂ , ψ̂).

10
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Lemma 7 Let ε̂ < µ̂. Under (Â2), if (ẑ+, ψ̂′(ẑ+)) satisfies ε̂-distance-to-solution accuracy, then
(ẑ+, ψ̂′(ẑ+)) minimizes the residual norm to µ̂ε̂

µ̂−ε̂ -relative distance accuracy.

Now, we state the gradient query complexity with distance-to-solution accuracy. The origi-
nal result of Lan et al. (2023) is given in projected gradient norm, which can be converted to the
subgradient norm considered in this paper.

Lemma 8 (Lan et al. (2023)) Assume (Â1), (Â3), and that the solution set of the VIP of (V̂ , ψ̂) is
non-empty. Assume V̂ = ∇f̂ , where f̂ is a continuously differentiable function defined on an open
set containing dom ψ̂. Then, there exists an algorithm, denoted by

(ẑ+, ψ̂′(ẑ+)) = AGM (f̂ , ψ̂, v̂, ε̂ | L̂),

that takes no more than 34 ·
√

3L̂
2ε̂ queries to ∇f̂(·), and ensures (ẑ+, ψ̂′(ẑ+)) satisfies ε̂-distance-

to-solution accuracy.

5. Decoupled method for saddle problems: Concrete implementation

We are now back to considering the SPs in Equation (1). Let us combine the technical components
in Section 4 and present the final, implementable algorithm.

Implementation of DM-SP. We use the AGM in Lemma 8 for Minimization of Residual Norms:

MMRN
x (V̂ , ψ̂, v̂, δ̂) ≜ AGM(V̂ , ψ̂, v̂,

2δ̂

3
| Lx),

MMRN
y (V̂ , ψ̂, v̂, δ̂) ≜ AGM(V̂ , ψ̂, v̂,

2δ̂

3
| Ly).

Let us denote (ψx, ψy)(z) ≜ ψx(x)+ψy(y). For the assembled norm ∥·∥E with parameters αx and
αy, we implement the DM-SP as follows:

ROM∥·∥E
(
(∇xf,−∇yf), (ψx, ψy), z

0, (λt)t≥1 | FDS∥·∥E
(
·, ·, ·, · | (MMRN

x ,MMRN
y )

))
. (6)

Combining Lemmas 4, 5, 7 and 8, we obtain the following result on the computational cost.

Theorem 9 For the problem class PSP , with the same choices of αx, αy, and (λt)t≥0 as in
Theorem 2, DM-SP with the implementation in Equation (6) generates an ε-approximate solution
with the computational cost bounded by

(cx + cy)
LxyDxDy

ε
(θ2 + θ−2) + 51

√
2
(LxyDxDy

ε

) 1
2
(
cx

(LxD2
x

ε

) 1
2
+ cy

(LyD2
y

ε

) 1
2
)
(θ+ θ−1).

Following from Theorem 9, the computational cost in DM-SP (Algorithm 1) is minimized

when θ = 1 (that is, when the distance estimates D̂x and D̂y satisfy D̂x
Dx

=
D̂y
Dy

). This results in the
following communication cost:

NDM-SP
PSP

(ε) = O
(
(cx + cy)

LxyDxDy

ε
+
(LxyDxDy

ε

) 1
2
(
cx

(LxD2
x

ε

) 1
2
+ cy

(LyD2
y

ε

) 1
2
))

. (7)

11
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Now, let us compare the above computational cost of DM-SP with the long-standing EG

method, given by O
(
(cx + cy) ·

LxyDxDy+LxD2
x+LyD

2
y

ε

)
, in Proposition 1. Our computational cost

is consistently no worse than EG, and is substantially better when

LxD
2
x + LyD

2
y ≫ LxyDxDy +

√
LxyDxDy ·

( cx
cx + cy

√
LxD2

x +
cy

cx + cy

√
LyD2

y

)
.

For instance, for cx = cy, our computational cost is substantially better when the diagonal condi-
tioning dominates—that is, when

LxD
2
x + LyD

2
y ≫ LxyDxDy.

To our knowledge, DM-SP is the first method that strictly improves over the classic EG method in
computational cost, without redundant logarithm term.

We include a more detailed discussion on the technical difference between DM-SP and the
existing methods in Appendix B.

6. Lower complexity bounds under gradient-span framework

In this section, as a first step toward characterizing the complexity of the distributed setting, we
present lower complexity bounds for the distributed algorithms within the gradient-span framework.
Within this framework, at any communication round, an agent’s next query point stays in the linear
span of: (a) all local oracle answers accumulated by that agent thus far; and (b) all oracle answers
from the other agent received up to the previous communication round. We include the detailed
definitions in Section C.3.

This gradient-span framework is common in the literature (Nesterov, 2004; Woodworth, 2021),
and it encompasses our proposed method as well as the majority of existing deterministic first-order
algorithms for SPs (Nemirovski, 2004; Chambolle and Pock, 2011; Lin et al., 2020; Yoon et al.,
2025; Zindari et al., 2025).

Now, we present the lower complexity bounds implied from the existing worst-case construction
for SPs. In the original paper of Zhang et al. (2022), they present the lower bound for the complexity
of full gradient oracle. Indeed, we show that the analysis in Zhang et al. (2022) can be adapted to
the distributed setup, and implies the lower bounds on the communication and computational costs
considered in our paper.

Proposition 10 Consider any distributed first-order algorithm M within the gradient-span frame-
work. For any ε > 0,

TM
PSP

(ε) = Ω
(LxyDxDy

ε

)
,

NM
PSP

(ε) = Ω

(
(cx + cy)

LxyDxDy

ε
+ cx

√
LxD2

x

ε
+ cy

√
LyD2

y

ε

)
.

Proposition 10 confirms that DM-SP is communication-optimal within the gradient-span frame-
work. Its complexity of O

(LxyDxDy
ε

)
matches the lower bound exactly, proving that communica-

tion cost depends solely on the “coupled conditioning” LxyDxDy, independent of the “diagonal
conditioning”. We, however, notice the gap between our computational cost and the lower bound in
Proposition 10. This is indeed an open question for the class of non-distributed SPs as well.

12
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7. Discussions and conclusions

Thus far, we have studied the SPs that correspond to two-player zero-sum games. Finally, we extend
our algorithmic results to the broader class of monotone Variational Inequality Problems (VIPs) with
separable proximal terms. Our main result for VIPs generalizes our decoupled method from two-
player zero-sum games to multiplayer general-sum games, and improves the state-of-the-art com-
munication complexity for the class by dropping the dependency on “diagonal conditioning” (cf.
Remark 18). See Appendix D for the detailed presentation.

This paper studies communication and computational complexity in convex-concave SPs and
monotone VIPs. For the class of SPs, we settle the communication complexity in the distributed
setup within gradient-span framework, and strictly improve the long-standing gradient query com-
plexity of EG method, while it remains an important open question to further close the gap towards
the lower bound of gradient query complexity. For the class of distributed VIPs, we improve the
state-of-the-art communication complexity, while it remains open whether a non-trivial lower bound
of communication complexity can be proven for the class.
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Appendix A. Stepsize choices in Algorithm 2

We remark on our specific stepsize choice in Line 6 of Algorithm 2 as well as the nuanced difference
from the choices in the similar methods of Solodov and Svaiter (1999) and Nesterov (2023).

In the original work of Solodov and Svaiter (1999), they choose the classic Extragradient step-
size of 1

λt+1
; Nesterov (2023) shows that it is theoretically safe to set this stepsize to ⟨Vψ(zt+1),vt−zt+1⟩

∥Vψ(zt+1)∥2E∗
,

considering the MS subproblem might be solved to a higher accuracy than the requirement in Equa-
tion (4); and in this paper, we follow the refined stepsize choices of Nesterov (2023), but we increase
the stepsizes by two times as in Line 5 of Algorithm 2 since we are only dealing with first-order
algorithms.

Appendix B. Technical difference from relevant methods

Our approach to convex-concave SPs is built on a multi-stage reduction: from the original prob-
lem to a Monteiro-Svaiter (MS) subproblem, then to coordinate-wise Minimization of Residual
Norms (MRN), and finally to the deployment of efficient local solvers. This development distin-
guishes DM-SP from existing methods in several key aspects:

• EG and HPE framework. While the EG method (Nemirovski, 2004) relies on a single
gradient step to find a midpoint, DM-SP utilizes an inexact local solver to compute a more
accurate proximal point. This allows for significantly larger stepsizes for the ‘extra’ step and
fewer total iterations. Furthermore, unlike the general HYBRID-PROXIMAL EXTRAGRADI-
ENT (HPE) framework (Solodov and Svaiter, 1999), DM-SP provides a concrete, decoupled
implementation that achieves provable acceleration over the EG baseline.

• CATALYST variants. Compared to the CATALYST variants (Lin et al., 2020; Yang et al.,
2020; Wang and Li, 2020), which rely on black-box reductions from general convex-concave
functions to the strongly convex-(strongly) concave class, our reduction is direct and structural.
Consequently, DM-SP avoids the multiplicative squared-logarithmic overhead, O(log2(1/ε)),
and eliminates the need for prior knowledge of upper bounds on Dx and Dy.

• Communication-focused methods. The PROXSKIP-VI, PEARL-SGD, and PEARL-PROX

methods (Zhang et al., 2024; Yoon et al., 2025; Yoon and Loizou, 2025) also address the com-
munication complexity. Their methods do not take the extra step and simply use xt and yt as
reference points, while DM-SP leverages the extra step to ensure faster convergence. Specifi-
cally, in the standard deterministic first-order oracle settings, PROXSKIP-VI is randomized and
provides no speedup over EG, while PEARL-SGD and PEARL-PROX requires O(ε−3/2) it-
erations, making them strictly slower than both EG and our proposed method.

• Weak-coupling approach. While DECOUPLED-SGDA (Zindari et al., 2025) achieves loga-
rithmic communication rounds, its results are restricted to the special case of weakly-coupled
problems. DM-SP, by contrast, applies to the general class of convex-concave SPs and mono-
tone VIPs without such structural restrictions.
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Appendix C. Missing proofs

C.1. Proofs for technical components

We first present a three-point descent lemma in Lemma 11, which will be used repeatedly in the
analysis. The following lemma follows directly from strong convexity, and can also be found in
classic literature (Chen and Teboulle, 1993).

Lemma 11 Let Q be a closed convex set. Let a > 0, z ∈ Q, and g ∈ E∗. If

z+ = argmin
x∈Q

[
a⟨g,x⟩+ 1

2
∥x− z∥2E

]
, (8)

then for all v ∈ Q, we have

a⟨g,v − z+⟩+ 1

2
∥z− v∥2E ≥ 1

2
∥z+ − v∥2E +

1

2
∥z− z+∥2E .

Now, we include the proof of Lemma 4—the regret bound for ROM.
Proof [Proof of Lemma 4] By Lemma 11 and by the optimality of vt+1, we have for all v ∈ domψ,

at+1⟨Vψ(zt+1),v − vt+1⟩+ 1

2
∥vt − v∥2E ≥ 1

2
∥vt+1 − v∥2E +

1

2
∥vt − vt+1∥2E ,

and therefore,

at+1⟨Vψ(zt+1),v − zt+1⟩+ 1

2
∥vt − v∥2E

≥ at+1⟨Vψ(zt+1),vt+1 − zt+1⟩+ 1

2
∥vt+1 − v∥2E +

1

2
∥vt − vt+1∥2E

= at+1⟨Vψ(zt+1),vt − zt+1⟩+ 1

2
∥vt+1 − v∥2E + at+1⟨Vψ(zt+1),vt+1 − vt⟩+

1

2
∥vt − vt+1∥2E

≥ at+1⟨Vψ(zt+1),vt − zt+1⟩+ 1

2
∥vt+1 − v∥2E −

a2t+1

2
∥Vψ(zt+1)∥2E∗

≥ 1

2
∥vt+1 − v∥2E ,

where the last inequality follows from the assignment of at+1 in Algorithm 2 of Algorithm 2. Then,
the desired bound follows from summing the above inequality over t from 0 to T − 1.

Next, we show the lower bound for at. For all t ≥ 1, we have

⟨Vψ(zt),vt−1 − zt⟩ − 1

2λt
∥Vψ(zt)∥2E∗

≡ λt
2
∥zt − vt−1∥2E − 1

2λt
∥Vψ(zt) + λtP(zt − vt−1)∥2E∗

≥ 0,

where the last inequality follows from Equation (4). Therefore, we have

at =
2⟨Vψ(zt),vt − zt⟩

∥Vψ(zt)∥2E∗
≥ 1

λt
.

The correctness of the FDS for SPs can be implied as a direct consequence of the correctness
of FDS for VIPs proven in Appendix D. We will get to this result later in Lemma 19.
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Now, let us show the gradient query complexity for minimization of residual norms. We first
prove a technical lemma.
Proof [Proof of Lemma 7] In view of the triangle inequality and the µ̂-strong maximal monotonicity
of V̂ + ψ̂, we have

∥v̂ − ˆ̃z∥Ê ≤ ∥ẑ+ − v̂∥Ê + ∥ẑ+ − ˆ̃z∥Ê

≤ ∥ẑ+ − v̂∥Ê +
1

µ̂
∥V̂ (ẑ+) + ψ̂′(ẑ+)∥Ê∗

≤ ∥ẑ+ − v̂∥Ê +
ε̂

µ̂
∥v̂ − ˆ̃z∥Ê .

Then, we have

∥v̂ − ˆ̃z∥Ê ≤ µ̂

µ̂− ε̂
∥ẑ+ − v̂∥Ê .

Therefore, we have

∥V (ẑ+) + ψ̂′(ẑ+)∥Ê∗ ≤ ε̂∥v̂ − ˆ̃z∥Ê ≤ µ̂ε̂

µ̂− ε̂
∥ẑ+ − v̂∥E .

Lemma 8 considers the case of gradient of a convex function, and we include its proof below.
Proof [Proof of Lemma 8] It was originally shown in (Lan et al., 2023, Theorem 3.1) that AGM

takes no more than 34

√
3L̂
2ε̂ gradient queries and obtains ẑ′ ∈ dom ψ̂, such that there exists ˆ̃z ∈

dom ψ̂ with ∇f̂(ˆ̃z) ∈ −∂ψ̂(ˆ̃z), and

∥2L̂(ẑ+ − ẑ′)∥Ê ≤ 2

3
ε̂∥v̂ − ˆ̃z∥Ê , where ẑ+ = argmin

ẑ∈dom ψ̂

[
⟨∇f̂(ẑ′), ẑ⟩+ ψ̂(ẑ) + L̂∥ẑ− ẑ′∥2Ê

]
.

By the optimality of ẑ+, there exists ψ̂′(ẑ+) ∈ ∂ψ̂(ẑ+) such that

∇f̂(ẑ′) + ψ̂′(ẑ+) + 2L̂P̂(ẑ+ − ẑ′) = 0.

Then, we have

∥∇f̂(ẑ+) + ψ̂′(ẑ+)∥Ê∗

≤ ∥∇f̂(ẑ′) + ψ̂′(ẑ+)∥Ê∗ + ∥∇f̂(z+)−∇f̂(ẑ′)∥Ê
= ∥2L̂P̂(ẑ+ − ẑ′)∥Ê∗ + ∥∇f̂(ẑ+)−∇f̂(ẑ′)∥Ê
≤ 3L̂∥ẑ+ − ẑ′∥Ê
≤ ε̂∥v̂ − ˆ̃z∥Ê .

C.2. Proofs for the main theorems

First, we prove the main convergence lemma for SPs in Lemma 12.
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Lemma 12 Under (A1) to (A3), for λt+1 ≡ λ ≥ 2Lxy√
αxαy

, DM-SP with the implementation in
Equation (6) takes no more than 2T communication rounds, no more than

T ·
(
1 + 34

√
9Lx
2αxλ

)
queries to Ox, and no more than

T ·
(
1 + 34

√
9Ly
2αyλ

)
queries to Oy, and obtains an ε-approximate saddle point z̄T , where

T =
⌈αxλD2

x + αyλD
2
y

2ε

⌉
.

Proof [Proof of Lemma 12] By (A1), we have

∆(z̄T ) ≤
(T−1∑
t=0

at+1

)−1
max
z∈B∩Q

[T−1∑
t=0

at+1⟨Vψ(zt+1), zt+1 − z⟩
]
.

Further, with λ ≥ 2L̄c, by Lemmas 4 and 5, we have

∆(z̄T ) ≤
(T−1∑
t=0

at+1

)−1
max
z∈B∩Q

[T−1∑
t=0

at+1⟨Vψ(zt+1), zt+1 − z⟩
]

≤
(T−1∑
t=0

at+1

)−1
max
z∈B∩Q

[αx
2
∥x0 − x∥2x +

αy
2
∥y0 − y∥2y

]
≤

(T−1∑
t=0

1

λt+1

)−1
· 1
2
(αxD

2
x + αyD

2
y) ≤ ε,

where the last inequality follows from the assignments of (λt)t≥1 and T . Therefore, the number of
communication rounds is bounded by 2T .

Now we count the number of gradient queries. By Lemma 7, AGM always returns the solution

with the required relative distance accuracy; and in view of Lemma 8, it takes no more than 34
√

3Lx
αxλ

gradient queries to ∇xf and no more than 34
√

3Ly
αyλ

gradient queries to ∇yf . Therefore, the numbers

of gradient queries to ∇xf and ∇yf are bounded by T ·
(
1 + 34

√
3Lx
αxλ

)
and T ·

(
1 + 34

√
3Ly
αyλ

)
,

respectively.

The main convergence result for SPs in Theorems 2 and 9 can be directly implied from Lemma 12.

C.3. Lower complexity bounds

In this section, we include the details for the lower complexity bounds.

Gradient-span framework. We first introduce the formal notions for the gradient-span frame-
work (Nesterov, 2004; Zhang et al., 2022). Given a distributed first-order algorithm M and an SP
instance P , at any communication round t ≥ 0: suppose Agent x iteratively queries oracle Ox for
τx(t) times, and we denote the input points as (x(t,1), ŷ(t,1)), · · · , (x(t,τx(t)), ŷ(t,τx(t))); and suppose
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Agent y iterative queries oracle Oy for τy(t) times, and we denote the input points as (x̂(t,1),y(t,1)),
· · · , (x̂(t,τy(t)),y(t,τy(t))). For Agent x, for all t ≥ 0 and 0 ≤ l ≤ τx(t), denote the index sets

I t,l
x =

{
(k, i) | 0 ≤ k < t and 1 ≤ i ≤ τx(k); or k = t and 1 ≤ i < l

}
,

Î t
y =

{
(k, i) | 0 ≤ k < t and 1 ≤ i ≤ τy(k)

}
,

the partial gradient spans

Gt,lx = span{Ox(x
(k,i), ŷ(k,i)) | (k, i) ∈ I t,l

x },
Ĝty = span{Oy(x̂

(k,i),y(k,i)) | (k, i) ∈ Î t
y},

and the proximal subgradient spans

Ψ0,0
x = {0},

Ψt,0
x = Ψt−1,τx(t−1)

x ,

Ψt,l
x = span

(
Ψt,l−1
x

⋃ ( ⋃
x∈x0−Gt,lx −Ψt,l−1

x

∂ψx(x)
))

(where l ≥ 1),

Ψ̂t
y = Ψt,0

y ;

and we adopt the symmetric notations for Agent y, which we omitted here to simplify the presenta-
tion. If M is an algorithm within the gradient-span framework:

• For Agent x, for all t ≥ 0 and 1 ≤ l ≤ τx(t), the next query point should satisfy:

xt,l ∈ x0 −P−1
x (Gt,lx +Ψt,l

x ),

ŷt,l ∈ y0 −P−1
y (Ĝty + Ψ̂t

y).

The symmetric argument is made on Agent y as well.

• Moreover, for all t ≥ 0, the approximate solution generated by the algorithm should satisfy:

x̄t+1 ∈ x0 +P−1
x (Gt+1,0

x +Ψt+1,0
x ),

ȳt+1 ∈ y0 +P−1
y (Gt+1,0

y +Ψt+1,0
y ).

Worst-case construction. Following the worst-case construction in Zhang et al. (2022, Eq. (12)),
we consider the following SP in n-dimensional Euclidean spaces: x0 = 0, y0 = 0, and for all
x,y ∈ Rn,

f(x,y) =
Lxy
2

x⊤Ay − b⊤y, ψx(x) =
µx
2
x⊤x, ψy(y) =

µy
2
y⊤y, (9)

where µx, µy, and b are to be fixed later, and

A =


1

1 −1
1 −1

. .
.

. .
.

1 −1

 .

Moreover, let us denote

Hk
x ⊆

{
{0}, k = 1,

span
{
A2i(Ab) : 0 ≤ i ≤ ⌊k2⌋ − 1

}
, k ≥ 2,

and Hk
y ⊆ span

{
A2ib : 0 ≤ i ≤ ⌈k

2
⌉−1

}
.
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Let e1 be the unit vector with 1 in the first coordinate and 0 elsewhere.

Lemma 13 (Zhang et al. (2022, Theorem 3.5)) Consider the SP in (9). For n ≥ max
{
2 logq(

µxµy√
2L2

xy
), 4k

}
and b = −L2

xy

4µx
e1, if (x̄t, ȳt) ∈ Ht

x ×Ht
y, then

∆(x̄t, ȳt) ≥ qt · µy∥y
∗ − y0∥2

32
,

where (x∗,y∗) is the saddle point, and q = 1 +
2µxµy
L2 − 2

√(
µxµy
L2

)2
+

µxµy
L2 .

Now, we consider the distributed setup in this paper.

Proposition 14 Consider any algorithm M under the gradient-span framework. Let z̄2t be the
approximate solution returned by M after 2t communication rounds on the SP in (9). At this
moment, let nx be the number of times Ox gets queried thus far, and ny be the number of times Oy

gets queried thus far. Then, we have

z̄2t ∈ Hk
x ×Hk

y ,

where k = min{nx, ny, t}.

Then, following the scaling reduction in Zhang et al. (2022), we combine Theorems 13 and 14
with the parameter µx = 64ε

D2
x

and µy = 64ε
D2
y

, and obtain the following lower bounds

TM
PSP

(ε) = Ω
(LxyDxDy

ε

)
,

NM
PSP

(ε) = Ω
(
(cx + cy)

LxyDxDy

ε

)
.

Moreover, by the classic lower bounds of convex minimization (Nemirovskij and Yudin, 1983;
Nesterov, 2004), we have

NM
PSP

(ε) ≥ Ω
(
cx

√
LxD2

x

ε
+ cy

√
LyD2

y

ε

)
.

Therefore, we have

NM
PSP

(ε) = Ω

(
(cx + cy)

LxyDxDy

ε
+ cx

√
LxD2

x

ε
+ cy

√
LyD2

y

ε

)
.

Appendix D. Monotone composite variational inequality problems

In this section, we study variational inequality problems (VIPs) (Nemirovski, 2004; Juditsky et al.,
2011), a generalization of SPs that captures, for instance, multiplayer general-sum games.

D.1. Problem formulation

VIPs (with separable composite terms). Let us consider the VIP in Equation (3), where E =
E1 × · · · × EK is the direct product of K finite-dimensional real vector spaces. For all i ∈ [K]:
let the mapping Vi : domψ → E∗

i , and let the function ψi : Ei → R ∪ {+∞}. We consider the
decomposition of V (z) =

(
V1(z), · · · , VK(z)

)
and ψ(z) = ψ1(z1) + · · · + ψK(zK), for all z =

(z1, · · · , zK) ∈ E . Moreover, we denote domψ = domψ1 × · · · × domψK ≜ Q.
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Assumptions for VIPs. Let us make the following assumptions:
(A2’) Let z0 = (z01, · · · , z0K) ∈ Q be a given point. There exists z∗ = (z∗1, · · · , z∗K) ∈ Q in the

solution set of the VIP of (V, ψ), such that for all i ∈ [K]: z∗i ∈ Bi, where Bi ≜ {zi ∈ Ei |
∥z0i − zi∥i ≤ Di} and Di > 0 is a given distance.

(A3’) The operator Vi(zj ; z−j) is Lij-Lipschitz continuous in zj ∈ domψj for any fixed z−j ∈
domψ1 × · · · × domψj−1 × domψj+1 × · · · × domψK . 4

Notations. To simplify the notations, let us denote z ≜ (z1, · · · , zK) ∈ Q in the context of VIPs.
Let us denote

L̄ij ≜ max{Lij , Lji}, Ai ≜ Di

( ∑
j∈[K]\{i}

L̄ijDj

)
, and Bi ≜ L̄iiD

2
i , for all i, j ∈ [K].

We refer to
∑

iAi as the diagonal conditioning, and we say that the diagonal conditioning dominates
when

∑
iAi ≫

∑
iBi.

D.2. Communication and computational costs

Accuracy measure. We consider the following accuracy measure for VIPs:

∆(z̄) ≜ sup
z∈B∩Q

⟨V (z), z̄− z⟩+ ψ(z̄)− ψ(z), for all z ∈ Q,

where B ≜ B1 × · · · × BK . We say that a point z̄ ∈ Q is an ε-approximate solution of the VIP if
∆(z̄) ≤ ε. Our goal is to find such an ε-approximate solution for any ε > 0.

Distributed first-order algorithm, communication and computational costs. We consider a
distributed setting with K agents very similar to the one in Section 2.1. For all i ∈ [K]: Agent i
controls decision variable zi ∈ domψi, has direct access to the function ψi, and has access to the
oracle Oi(z) = Vi(z) for z ∈ Q. For any distributed first-order algorithm M and target accuracy
ε, the communication cost is defined as the number of communication rounds required for M to
generate an ε-approximate solution; and the computational cost is defined by a weighted sum of the
oracle queries across all agents, where per query to Oi costs ci ≥ 0, i ∈ [K].

We first state the classic results of the EG method in Proposition 15, which remains the state-
of-the-art communication complexity bound.

Proposition 15 (Juditsky et al. (2011, Eq. (6.21))) For any target accuracy ε > 0, the communi-
cation cost of EG is bounded by

O
(∑
i∈[K]

Ai
ε

)
,

and the computational cost of EG is bounded by

O
((∑

i∈[K]

ci
)(∑
i∈[K]

Ai
ε

)
+
(∑
i∈[K]

ci
)(∑
i∈[K]

Bi
ε

))
.

4. For all z = (z1, · · · , zK) ∈ Q, we use the following notations for simplicity: (zj ; z−j) ≜ z and z−j ≜
(z1, · · · , zj−1, zj+1, · · · , zK).
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D.3. Decoupled method for variational inequality problems

Assembled norm. Let αi > 0 (to be fixed later), for all i ∈ [K]. Let the block diagonal linear
operator P = α1P1 ⊕ · · · ⊕ αKPK . We consider the space E to be measured by the following
assembled norm: ∥z∥E =

√
⟨Pz, z⟩, and its dual space E∗ = E∗

1 × · · · × E∗
K to be measured by

∥g∥E∗ =
√

⟨g,P−1g⟩.

DM-VIP. Let us consider the case that Di is not known, and we use the inexact estimates D̂i

instead, for all i ∈ [K]. Let us denote

L̄c ≜

√√√√max
j∈[K]

[
(αjD̂j)−1

∑
i∈[K]\{j}

L̄ij
(∑

l∈[K]\{i} L̄ilD̂l

)
αi

]
. (10)

Now, we introduce the (template) Decoupled Reduced-Operator Method for block composite variational
inequality problems (DM-VIP), as an extended variant of DM-SP to VIPs. The pseudocode is pre-
sented in Algorithm 4, provided with a solver for the minimization of residual norms.

Algorithm 4 DM-VIP(K, (Vi)i∈[K], (ψi)i∈[K], z
0, (λt)t≥1, (αi)i∈[K] | (MMRN

i )i∈[K])

Require: A solver MMRN for the minimization of residual norms.
1: v0 = (v0

1, · · · ,v0
K) = z0.

2: for t = 0, 1, · · · , T − 1 do
3: For all i ∈ [K], Agent i computes

(zt+1
i , ψ′

i(z
t+1
i )) = MMRN

i (Vi(·;vt−i), ψi +
αiλt+1

2
∥· − vti∥2i ,vti,

αiλt+1

2
);

and then, all agents communicate zt+1 = (zt+1
1 , · · · , zt+1

K ).
4: The agents compute V (zt+1); and then communicate

Vψ(z
t+1) ≜ V (zt+1) + ψ′(zt+1) ≡ V (zt+1) + (ψ′

1(z
t+1
1 ), · · · , ψ′

K(zt+1
K )).

5: at+1 =
2⟨Vψ(zt+1),vt−zt+1⟩

∥Vψ(zt+1)∥2E∗
.

6: vt+1 = (vt+1
1 , · · · ,vt+1

K ) = argmin
v∈Q

[
at+1⟨Vψ(zt+1),v⟩+ 1

2
∥v − vt∥2E

]
.

7: end for

We say Algorithm 4 is a template method because we have not yet specified the solver. We defer
the detailed implementation to Equation (17) to the end of this section.

Theorem 16 Under (A2’) and (A3’), for λt+1 ≡ λ ≥ 2L̄c, DM-VIP (Algorithm 4) can be
implemented with no more than

2T

communication rounds and no more than

T ·
(
1 + C0 ·

3Lii
αiλ

)
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queries to Vi, for all i ∈ [K], and obtains an ε-approximate solution

z̄T = (z̄T1 , · · · , z̄TK) =
( T∑
t=1

at

)−1
T∑
t=1

atz
t,

where

T =
⌈∑

i αiλD
2
i

2ε

⌉
and C0 > 0 is some fixed constant.

Moreover, assume that the target accuracy ε ≤
∑

i,j∈[K], i̸=j L̄ijDiDj . For the choices of

αi =
∑
j∈[K]\{i} L̄ijD̂j

D̂i
for all i ∈ [K], and λ = 2, the communication cost is bounded by

2 +
∑

i,j∈[K], i̸=j

L̄ijDiDj

ε

(DiD̂j

D̂iDj

+
D̂iDj

DiD̂j

)
≜ TDM-VIP((D̂i)i∈[K]

)
, (11)

and the number of queries to Vi is bounded by(
1 + 3C0

L̄iiD̂i∑
j∈[K]\{i} L̄ijD̂j

)[ ∑
j,l∈[K], j ̸=l

L̄jlDjDl

ε

(DjD̂l

D̂jDl

+
D̂jDl

DjD̂l

)]
≜ kDM-VIP

i

(
(D̂j)j∈[K]

)
.

(12)

Corollary 17 Equation (11) is minimized when the distance estimates (D̂i)i∈[K] satisfy D̂i
Di

=
D̂y
Dy

,
for all i, j ∈ [K]. This results in

min
(D̂i)i∈[K]

TDM-VIP((D̂i)i∈[K]

)
= 2 +

2

ε

∑
i∈[K]

Ai, (13)

and in the meantime, for all i ∈ [K],

kDM-VIP
i

(
(D̂j)j∈[K]

)
=

2

ε

(
1 + 3C0 ·

Bi
Ai

)( ∑
j∈[K]

Aj

)
. (14)

Remark 18 (Improved communication cost under comparable computational costs) The clas-
sic EG method takes

1

ε

∑
i∈[K]

(Ai +Bi)

communication rounds, and the same number of queries to Vi for all i ∈ [K] (Juditsky et al.,

2011, Eq. (6.21)). When the gradient estimates (D̂i)i∈[K] satisfy D̂iDj

DiD̂j
= Θ(1) for all i, j ∈

[K], our communication complexity in Equation (13) is consistently no worse compared to the
communication complexity of EG, and is substantially faster when the “diagonal conditioning”
dominates—that is, ∑

i∈[K]

Bi ≫
∑
i∈[K]

Ai.

Moreover, our computational cost (under the same choice of parameters) is bounded by
2

ε

(∑
i∈[K]

ci

)(∑
i∈[K]

Ai

)
+

3C0

ε

(∑
i∈[K]

Bici
Ai

)(∑
i∈[K]

Ai

)
. (15)
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Compared to the computational cost of EG, given by
1

ε

(∑
i∈[K]

ci

)(∑
i∈[K]

Ai

)
+

1

ε

(∑
i∈[K]

ci

)(∑
i∈[K]

Bi

)
,

our computational cost in Equation (15) differs primarily in the second term, and consequently,
may offer an advantage or disadvantage depending on the relative conditioning of Ai, Bi, and ci
for i ∈ [K].

D.4. Detailed proofs

Correctness of FDS. Let us provide the detailed pseudocode of FDS for VIPs in Algorithm 5.
Then, we prove the correctness of the solution returned by FDS.

Algorithm 5 FDS((Vi)i∈[K], (ψi)i∈[K],v, λ | MMRN,K, (αi)i∈[K])

Require: Solver MMRN
i for the minimization of residual norms, for all i ∈ [K].

1: δi =
αiλ
2 , for all i ∈ [K].

2: (z+i , ψ
′
i(z

+
i )) = MMRN

i

(
Vi(·;v−i), ψi +

αiλ
2 ∥· − vi∥2i ,vi, δi

)
, for all i ∈ [K].

3: return (z+, ψ′(z+)), where z+ = (z+1 , · · · , z
+
K) and ψ′(z+) = (ψ′

1(z
+
1 ), · · · , ψ′

K(z+K)).

Lemma 19 Under (A3’), for λ ≥ 2L̄c, FDS (Algorithm 5) returns the correct solution of the MS
subproblem given by (V, ψ,v, λ).

Proof [Proof of Lemma 19] For all i ∈ [K], by (A3’) and then by the relative distance accuracy, we
have

∥Vi(z+) + ψ′
i(z

+
i ) + αiλPi(z

+
i − vi)∥i∗

≤ ∥Vi(z+i ;v−i) + ψ′
i(z

+) + αiλPi(z
+
i − vi)∥i∗ +

∑
j∈[K]\{i}

Lij∥z+j − vj∥j

≤ δi∥z+i − vi∥i +
∑

j∈[K]\{i}

Lij∥z+j − vj∥j .

(16)
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Finally, we assemble the norms:

∥V (z+) + ψ′(z+i ) + λP(z+i − vi)∥2E∗

=
∑
i∈[K]

α−1
i ∥Vi(z+) + ψ′

i(z
+
i ) + αiλPi(z

+
i − vi)∥2i∗

(16)

≤
∑
i∈[K]

α−1
i

(
δi∥z+i − vi∥i +

∑
j∈[K]\{i}

Lij∥z+j − vj∥j
)2

≤
∑
i∈[K]

2α−1
i

[
δ2i ∥z+i − vi∥2i +

( ∑
j∈[K]\{i}

Lij∥z+j − vj∥j
)2

]

=
λ2

2

∑
i∈[K]

(
αi∥z+i − vi∥2i

)
+ 2

∑
i∈[K]

[
α−1
i

( ∑
j∈[K]\{i}

Lij∥z+j − vj∥j
)2

]

≤ λ2

2
∥z+ − v∥2E + 2

∑
i∈[K]

[
α−1
i

( ∑
l∈[K]\{i}

LilD̂l

)( ∑
j∈[K]\{i}

Lij

D̂j

∥z+j − vj∥2j
)]

=
λ2

2
∥z+ − v∥2E + 2

∑
j∈[K]

[∥z+j − vj∥2j
D̂j

( ∑
i∈[K]\{j}

Lij
(∑

l∈[K]\{i} LilD̂l

)
αi

)]
(10)

≤ λ2

2
∥z+ − v∥2E + 2∥z+ − v∥2E L̄2

c

≤ λ2

2
∥z+ − v∥2E +

λ2

2
∥z+ − v∥2E = λ2∥z+ − v∥2E .

Convergence for VIPs. We are now back to considering the VIPs. Our algorithm is built upon
Lemma 20, the proof of which can be found in (Boţ and Chenchene, 2024, Corollary 2.4).

Lemma 20 Assume (Â1), (Â3), and that the solution set of the VIP of (V̂ , ψ̂) is non-empty. Then,
there exists an algorithm, denoted by (ẑ+, ψ̂′(ẑ+)) = FEGM (V̂ , ψ̂, v̂, ε̂ | L̂), which takes no more
thanC0 · L̂ε̂ operator queries and returns (ẑ+, ψ̂′(ẑ+)) that satisfies ε̂-distance-to-solution accuracy,
where C0 > 0 is some fixed constant.

Let us use FEGM in Lemma 20 for the minimization of residual norms:

MMRN
i (V̂ , ψ̂, v̂, δ̂) ≜ FEGM(V̂ , ψ̂, v̂,

2δ̂

3
| Lii).

We obtain the final algorithm for VIPs:

ROM∥·∥E

(
(Vi)i∈[K], (ψi)i∈[K], z

0, (λt)t≥1 | FDS∥·∥E
(
·, ·, ·, · | (MMRN

i )i∈[K]

))
. (17)

Combining Lemmas 4, 5, 7 and 20, with the implementation in Equation (17), we conclude that
Theorem 16 holds for the constant C0 from Lemma 20. We include the complete proof below.
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Proof [Proof of Theorem 16] By (A1’), we have

∆(z̄T ) ≤
(T−1∑
t=0

at+1

)−1
max
z∈B∩Q

[T−1∑
t=0

at+1⟨Vψ(zt+1), zt+1 − z⟩
]
.

Further, with λ ≥ 2L̄c, by Lemmas 4 and 5, we have

∆(z̄T ) ≤
(T−1∑
t=0

at+1

)−1
max
z∈B∩Q

[T−1∑
t=0

at+1⟨Vψ(zt+1), zt+1 − z⟩
]

≤
(T−1∑
t=0

at+1

)−1[∑
i∈[K]

(αi
2

max
zi∈Bi∩domψi

∥z0i − zi∥2i
)]

≤
(T−1∑
t=0

1

λt+1

)−1
· 1
2

∑
i∈[K]

αiD
2
i ≤ ε,

where the last inequality follows from the assignments of (λt)t≥1 and T . Therefore, the number of
communication rounds is bounded by 2T .

Now we count the number of gradient queries. By Lemma 7, FEGM always returns the solution
with the required relative distance accuracy; and in view of Lemma 20, it takes no more thanC0· 3Liiαiλ
gradient queries to Vi, for all i ∈ [K]. Therefore, the numbers of queries to Vi are bounded by
T ·

(
1 + C0 · 3Lii

αiλ

)
, for all i ∈ [K].
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