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Figure 1: A graph game with 272 players: O-MIN, O-MAX, and O—RANDOM.
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Simple stochastic games (SSGs)

» Restrictions:

m Turn-based
Two-player zero-sum
Reachability
Perfect information
(Halting)

» There exists a Nash equilibrium in pure memory-less strategy.?

» Decision problem:
Is the winning probability (of MAX) < f3 starting from node i?
Complexity: Between UP N coUP and PTIME.

» Fixpoint characterization of winning probability:
A linear system with min/max operators.?

1Condon, “The complexity of stochastic games”.
2bid.
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Linear equations with min and max operators

We consider linear equations with min/max operators of x € R":

Xi = min X 1<i<m
oen) ’

X; = max X n<j<n+n
\J /ENU) ’ J ’

szqzx+bk, n+n<k<n,
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We consider linear equations with min/max operators of x € R":

Xi = min X 1<i<m
oen) ’

X; = max X n<j<n+n
\J /EN(J) ’ J ’

Xk =apx+ b, n+m<k<n,

where (n1, ny, n, N, q, b) satisfies the following conditions:
(@) ni,m,neN, n>ny + no,

(b) @ C N(i) C [n] for i € [n1 + ny],

(c) ax € R for ny + ny < k < n, and

(d)b=1[0,...,0, bptnyr1,---,bn]" €R".
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Linear equations with min and max operators

We consider linear equations with min/max operators of x € R":

xi= min x;, 1<i<ng, la
T eny = =" (1a)
X; = max x;, ni<j<ng+ n, 1b
G = max Xi m J<n+m (1b)
Xk = QZX+ bx, nm+nm <k<n, (1c)

where (n1, ny, n, N, q, b) satisfies the following conditions:
(a) ni,n,n €N, n>ni+ ny,

(b) @ C N(i) C [n] for i € [n1 + ny],

(c) ax € R for ny + ny < k < n, and

(d)b=1[0,...,0, bptnyr1,---,bn]" €R".

Definition 1 (Decision problem)

Given Equation (1), an index i € [n], and a threshold 5 € R, determine
whether there exists a solution x such that x; < .
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Verifying neural networks?

» Verifying multi-layer perceptron (MLP):

3Guy Katz et al. “Reluplex: An efficient SMT solver for verifying deep neural networks” .
In: International conference on computer aided verification. Springer. 2017, pp. 97-117.
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Verifying neural networks?

» Verifying multi-layer perceptron (MLP):
m Given an n-layer MLP with scalar output, decide whether

x°Ut < 3, for all x™ € [0, 1]°.

m Activation function o: ReLU or Maxout.

x" = max{0, min{x", 1}},

XLayer 1_ O_(QLayer lxin + bLayer 1) 7

XLayer n_ O,(QLayer nXLayer n—1 + bLayer n) 7

T
Xout — qout XLayer n + bout.

3Katz et al., “Reluplex: An efficient SMT solver for verifying deep neural networks”.
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Capital preservation®

» Games played in financial market cycles:

*Harry Markowitz. “Portfolio Selection”. In: The Journal of Finance 7.1 (1952),
pp. 77-91. URL: http://wuw.jstor.org/stable/2975974.
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Capital preservation®

» Games played in financial market cycles:

m Controller — to decide the investment of the assets;
m Market — to impact the asset prices.

X1,1 = maX{QlT,,'XTQ + bl,i ‘ i€ [m]}7

x1,0 = min{Qg; x11 + b | j € [},

x71 = max{Q ; x7_12+b1; | i€ [m]},

x72 =min{Qg x7,1+ b2 | j €[}

*Markowitz, “Portfolio Selection”.
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Evolution in ecosystem

» In an ecosystem with k species, we monitor their populations:
m Current population — x € R’;O.
m Next population — x’ = max {Qx + b, 0},
where
o Q € R**k —internal interactions,
o b € R — external interventions.
» Ecological balance:

x = max {Qx + b, 0}.
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Notations

Recall
Xi= min X 1<i<m
eni) ’
Xi = max X n<j<ni+n
T ey J ’

XquZX—i-bk, n+n<k<n.

> 0;;is 1if i =j and O otherwise.

> e; = [5,’71, .. .,5,’7,,]1—, i € [n]

> Q= {[%...7e4nﬁn2,qm+n2+1,...7qn]T 0 € N(j) for j € [m + n2]}.
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Notations

Recall
Xj = min X,
1eN (i)
Xj = max_ X,
1eN(j)

Xk = q—li—x—i_ bk7

> 0;;is 1if i =j and O otherwise.

> e; = [5,’71, .. .,5,’7,,]1—, i € [n]

> Q= {[ella s 7e€n1+,,2 ¢ PR S PR

1§i§n17
n <j<n+no,

ni+n<k<n.

anlT| & € NG for j € [y + o] }.

> CO“V(Q) = {Zieza;Q; | Zielai =landVie I, Q,‘ € QNa; > 0} .
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Restrictive conditions

Condition C1 (Halting)

For all Q € conv(Q), limy—00 Q™ = 05 p.

Condition C1+ (Absolutely halting)

For all Q € conv(Q), limm oo Q" = 0,xp-

Condition C2 (Non-negative coefficients)

For all ny + n, < k < n, we have that qx > 0 and b, > 0.

Condition C3 (Sum upto 1)

For all ny + ny < k < n, we have that q{l + by < 1.

Condition C4 (One-type)

Either ny =0 or n, = 0.
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m Simple stochastic game (SSG): {C2,C3}

m Branching process: {C2}

m Halting (or absolutely halting): {C1} (or {C1+})
> Motivating examples:

m Verifying neural networks: @
m Capital preservation: {C1,C2} or {C14,C2}
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Cl-Halting; C14+—Absolutely Halting; C2—Non-Negative; C3—-Sum upto 1; C4-One-Type

Known complexity results

Basic fact. If X C Y represents two subsets of conditions, then the decision
problem under X is no easier than the decision problem under Y.

@ NP-complete
{C1,C2,C3}, {C2,C3} UP N coUP (SSG-hard)
{C1,C2,C3,C4}, {C2,C3,C4} PTIME

Table 1: The known complexity of subclasses of decision problems.>

5Condon, “The complexity of stochastic games”.
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Cl-Halting; C14+—Absolutely Halting; C2—Non-Negative; C3—-Sum upto 1; C4-One-Type

Complexity lower bounds

Lemma 1
The decision problem under {C2, C4} is NP-hard. ‘

Lemma 2
The decision problem under {C3,C4} is NP-hard. ‘

{C2,C4}, {C3,C4}, {C2}, {C3}, {C4}, @ NP-complete
{C1,C2,C3}, {C2,C3} UP N coUP (SSG-hard)
{C1,C2,C3,C4}, {C2,C3,C4} PTIME

Table 2: The complexity of subclasses of decision problems.
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Lemma 3
The decision problem under {C1,C2, C4} is in PTIME.
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{C1,C2,C3,C4}, {C2,C3,C4}, {C1,C2,C4} PTIME

Table 3: The complexity of subclasses of decision problems.
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Complexity upper bounds

Lemma 4
The decision problem under {C1} is in UP N coUP.

The classic proof for SSGs follow from minimax theorem®:

» For UP, one guesses MIN strategy;
» For coUP, one guesses MAX strategy.

5Condon, “The complexity of stochastic games”.
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Complexity upper bounds

Lemma 4
The decision problem under {C1} is in UP N coUP.

The classic proof for SSGs follow from minimax theorem®:

» For UP, one guesses MIN strategy;
» For coUP, one guesses MAX strategy.

However, this classic proof does not work for {C1}, since minimax theorem
breaks here.

5Condon, “The complexity of stochastic games”.
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Cl-Halting; C14+—Absolutely Halting; C2—Non-Negative; C3—-Sum upto 1; C4-One-Type

Complexity upper bounds

Lemma 4
The decision problem under {C1} is in UP N coUP.

The classic proof for SSGs follow from minimax theorem®:

» For UP, one guesses MIN strategy;
» For coUP, one guesses MAX strategy.

However, this classic proof does not work for {C1}, since minimax theorem
breaks here.

Proof idea.
We show that under {C1}, the Equation (1) has a unique solution, which
can be used as the unique certificate for UP or for coUP. 0J

5Condon, “The complexity of stochastic games”.
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Equivalence between subclasses

Lemma 5

The decision problems under {C1} and {C1,C3,C4} are equivalent.
The decision problems under {C1+} and {C1+,C3,C4} are equivalent.
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Equivalence between subclasses

Lemma 5

The decision problems under {C1} and {C1,C3,C4} are equivalent.
The decision problems under {C1+} and {C1+,C3,C4} are equivalent.

{C2,C4}, {C3,C4}, {C2}, {C3}, {C4}, @ NP-complete
{C1,C3,C4}, {C1,C3}, {C1,C4}, {C1}

{C1+,C3,C4}, {C13,C3), {C1+,Ca}, {CI+} | UP N coUP

{ccy (SSG-hard)
{C1,C2,C3}, {C2,C3}
{C1,C2,C3,C4}, {C2,C3,C4}, {C1,C2,C4} PTIME

Table 4: The complexity of subclasses of decision problems.
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Equivalence between subclasses

Lemma 6
The decision problems under {C1,C2} and {C1,C2,C3} are equivalent.?

#{C1, C2} is trivially equivalent to {C1+, C2}.
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Equivalence between subclasses

Lemma 6 |
The decision problems under {C1,C2} and {C1,C2,C3} are equivalent.?

#{C1, C2} is trivially equivalent to {C1+, C2}.

Theorem 1
C2,C4}, {C3,C4}, {C2}, {C3}, {C4}, o NP-complete
{ +oA }, {C2}, {C3}, {C4}
{C1,C3,C4}, {C1,C3}, {C1,C4}, {C1}
| 1CI+.CaCa), (CIT.C3Y, (CLaCa), (U] ] got oy
{C1,C2,C3},{C2,C3}, {C1,C2}
{C1,C2,C3,C4}, {C2,C3,C4}, {C1,C2,C4} PTIME

Table 5: The complexity of decision problems under all subsets of conditions.
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Equivalence between subclasses

Lemma 6 |
The decision problems under {C1,C2} and {C1,C2,C3} are equivalent.?

#{C1, C2} is trivially equivalent to {C1+, C2}.

Theorem 1
{C2,C4}, {C3,C4}, {C2}, {C3}, {C4}, @ NP-complete
{C1,C3,C4}, {C1,C3}, {C1,C4}, {C1}
7777777777777777777777777777 UP N coUP
AGhHCR e, CLRGE), JELRC, (S | gz i

{C1,C2,C3}, {C2,C3}, {C1,C2]
{C1,C2,C3,C4}, {C2,C3,C4}, {C1,C2, C4} PTIME

Table 5: The complexity of decision problems under all subsets of conditions.

We obtain new problem classes in UP N coUP (while generalizing SSGs):
(i) {C1+}, (i) {C1}.
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Condition checking problem

Definition 2 (Condition checking problem)

Given Equation (1) and a subset of conditions, determine whether all the
conditions are satisfied.

Ruichen Luo (ISTA) Linear-Min-Max MPI-SWS, 2025 24 /42



Cl-Halting; C14+—Absolutely Halting; C2—Non-Negative; C3—-Sum upto 1; C4-One-Type

Condition checking problem

Definition 2 (Condition checking problem)
Given Equation (1) and a subset of conditions, determine whether all the

conditions are satisfied.

Basic fact. All of Conditions C2 to C4 can be trivially checked in linear time.

Ruichen Luo (ISTA) Linear-Min-Max MPI-SWS, 2025 24 /42



Cl-Halting; C14+—Absolutely Halting; C2—Non-Negative; C3—-Sum upto 1; C4-One-Type

Condition checking problem

Definition 2 (Condition checking problem)

Given Equation (1) and a subset of conditions, determine whether all the
conditions are satisfied.

Basic fact. All of Conditions C2 to C4 can be trivially checked in linear time.
The non-trivial condition checking problems are the ones including
Condition C1 or Condition C1+.
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Condition checking problem

Definition 2 (Condition checking problem)

Given Equation (1) and a subset of conditions, determine whether all the
conditions are satisfied.

Basic fact. All of Conditions C2 to C4 can be trivially checked in linear time.
The non-trivial condition checking problems are the ones including
Condition C1 or Condition C1+.

If {C1} C X C Y (or {Cl+} C X CY) represents two subsets of
conditions,
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Condition checking problem

Definition 2 (Condition checking problem)

Given Equation (1) and a subset of conditions, determine whether all the
conditions are satisfied.

Basic fact. All of Conditions C2 to C4 can be trivially checked in linear time.
The non-trivial condition checking problems are the ones including
Condition C1 or Condition C1+.

If {C1} C X C Y (or {Cl+} C X CY) represents two subsets of
conditions, then the condition checking problem for X is no easier than the
condition checking problem for Y.

| {C1,C2,C3}, {C1,€2,C3,C4} | PTIME

Table 6: The known complexity of condition checking problems.
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Checking the absolutely halting condition

Lemma 7
The condition checking problems for {C1+4} and {C1,C2} are in PTIME.
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Checking the absolutely halting condition

Lemma 7
The condition checking problems for {C1+4} and {C1,C2} are in PTIME.

| {C1+}, .-, {C1,C2}, .-+, {C1,C2,C3}, {C1,C2,C3,C4} | PTIME |

Table 7: The complexity of condition checking problems.
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Checking the halting condition

Lemma 8
The condition checking problem for {C1,C3,C4} is coNP-hard.
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Checking the halting condition

Lemma 8
The condition checking problem for {C1,C3,C4} is coNP-hard.

Lemma 9
The condition checking problem for {C1} is in coNP.
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Checking the halting condition

Lemma 8
The condition checking problem for {C1,C3,C4} is coNP-hard.

Lemma 9
The condition checking problem for {C1} is in coNP.

Theorem 2

{C1}, {C1,C3}, {C1,C4}, {C1,C3,C4} colNP-comp.
(CL+}, -, {CL,C2}, -+, {CL1,C2,C3], {C1,C2,C3,C4} | PTIME

Table 8: The complexity of all the condition checking problems.
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Notations

Recall

Ruichen Luo (ISTA)

Xi

Xk

min  xj, 1<i<m,

IeN (i)

max x| n<j<n+n
/EN(j) ) J )

qu—i—bk, n+n<k<n.
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Notations

Recall _ _
Xj = Ier?\lf?i) X[, 1<i<n,
Xj = /g)\%_) X/, m <j < n+ng,
xk:qzx—i-bk, n+n<k<n.
Denote
Omin = {[eg“... ,egnl]T' bie J(i)forl1<i< nl},
Qmax = {[€tuy1 7+ 1801 ]T| G € TG) for m < j < m},
Q. = [qn1+n2+l> S CIn]T :
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Notations

Recall
X;i = min Xx; 1<i<m
"eny ’
X;i = max X n<j<n+n
T eN) J ’
xk:qzx—i—bk, n+n<k<n.
Denote

Qmin = {len, -+ e, IT| e T(D) for 1< i< m},

Qmax = {[€tuy1 7+ 1801 ]T| G € TG) for m < j < m},

Qaff = [qn1+n2+l> SRR qn]T .
Then,
Qmin
Q= Qmax | | Qmin € Omin and Qmax € Omax
Q.
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Policy iteration

For all max policy Q € Qmax, define its value estimate Xmax (Q) € R” s.t.

X;i = min Xxj, 1<i<m,
leJ(i)
T
[Xn1+1v T aXn1+n2] = Qx, (2)
xk:qu—i—bk, nm+nm<k<n.

Further, define the max policy extraction mmax(x): R” — Qmax s.t.

/
T x)-x= max Q' -x.
max (%) Q'€0max

Algorithm 1 Policy Iteration (PI) updating max policies

Require: Q) € Qpnax
fort=1,2,--- do
X(t) = Xmax(Q(til))
Q(t) = 71-ma><(x(t))

end for
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Value iteration

Define the value iteration operator v(x): R” — R" s.t.

vi(x) = min X, 1<i<nm,
1eJ (i)
vi(X) = max x, n<j<ni+ny, 3
(%) e, X 1<j<nm+m (3)
vk(x) = qix + by, m+m<k<n.
Algorithm 2 Value Iteration (VI)
Require: x(0) ¢ R”
fort=1,2,--- do
x(t) — 4 (X<r—1))
end for
MPI-SWS, 2025 30/ 42
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Summary: Algorithms for halting stochastic games

Proposition 1 (7)
For Equation (1) under Conditions C1 to C3:

> Pl converges to the exact solution of Equation (1) in no more than
Iic(ny my4ny] IV (7)] iterations;

"Anne Condon. “On Algorithms for Simple Stochastic Games.”. In: Advances in
computational complexity theory 13 (1990), pp. 51-72.
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Summary: Algorithms for halting stochastic games

Proposition 1 (") |
For Equation (1) under Conditions C1 to C3:

> PI converges to the exact solution of Equation (1) in no more than
Hic(ny my4ny) WV (i)]| iterations;

» Initialized at 0 € R" or at 1 € R", VI converges linearly to the solution
of Equation (1) at a ratio of

1 .
5 A max{HQ(”) ~.QW " QY e Q forallic [n]} <1.

"Condon, “On Algorithms for Simple Stochastic Games.”
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Policy iteration under Condition C1+

A counterexample satisfying
Conditions C1+, C3 and C4:
x1 = max{xs, x5 },

X2 = max{xe, x7 },

x3 = max{xs, xo },

xs = —0.2x2 + 0.2x3 4+ 0.25,
x5 = 0.3x1 — 0.6x3 + 0.25,
x6 = —0.5x1 + 0.25,

x7 = 0.3x1 + 0.1x2 — 0.3x3 + 0.25,
xg = —0.2x;1 + 0.4x2 + 0.3,
xo = —0.7x2 + 0.3x3 + 0.3.
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Policy iteration under Condition C1+

Initialized at

A counterexample satisfying Q©
Conditions C1+, C3 and C4: e

x1 = max{xs, x5 },

X2 = max{xe, x7 },

x3 = max{xs, xo },

xs = —0.2x2 + 0.2x3 4+ 0.25,

x5 = 0.3x1 — 0.6x3 + 0.25,

x6 = —0.5x1 + 0.25,

x7 = 0.3x1 + 0.1x2 — 0.3x3 + 0.25,

xg = —0.2x;1 + 0.4x2 + 0.3,

xo = —0.7x2 + 0.3x3 + 0.3.
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Policy iteration under Condition C1+

Initialized at
A counterexample satisfying ©) T
1ti Qmax — |€4, €6, € 5
Conditions C1+, C3 and C4: [es, es, es]
Pl gets
x1 = max{xs, x5 }, g
xo = max{xs, x7}, QY), = [es, er,e5]”,
X3 = maX{X&XQ}, Q(n?gx — [e47e77e9]T’
xs = —0.2x2 + 0.2x3 4+ 0.25, Q(mi)] _ [e5 e eg]T

=0.3x3 — 0.6 0.25
X5 X1 X3 + ) QE:z)lx _ [es,e7, ’as]T7

x6 = —0.5x1 + 0.25, Q® — leq, &7, e5]"
x7 = 0.3x1 + 0.1xo — 0.3x3 + 0.25, max ,er, ,
xg = —0.2x1 + 0.4x; + 0.3, QE,?;).X = [ea, es, es]T,
x = —07x%4+03x4+03. oo

and enters a loop.
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Value iteration under Condition C1+

Recall the ratio in the classic analysis of halting SSGs:

fy:max{HQ(")...Q(l) " 1QW e Qforallie [n]}.
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Value iteration under Condition C1+
Recall the ratio in the classic analysis of halting SSGs:

7:max{HQ(”)~-Q(1) " 1QW e Qforallie [n]}.

However, for {C1+}, consider

05 0.7
Q= [0 0.7]

with spectral radius p(Q) = 0.7 < 1, yet we have
7% =Q%1) =149 > 1.
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Value iteration under Condition C1+

Recall the ratio in the classic analysis of halting SSGs:

7:max{HQ(”)~-Q(1) " 1QW e Qforallie [n]}.

However, for {C1+}, consider
0.5 0.7
a- % o7
with spectral radius p(Q) = 0.7 < 1, yet we have
7% =Q%1) =149 > 1.
Lemma 10 (New analysis)

For Equation (1) under Condition C1+, initialized at any point,
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Value iteration under Condition C1+

Recall the ratio in the classic analysis of halting SSGs:

5 = max {HQ(") ..

i 1Q") e Qforall i e [n]} .
However, for {C1+}, consider
a= % &
with spectral radius p(Q) = 0.7 < 1, yet we have
7% =Q%1) =149 > 1.
Lemma 10 (New analysis)

For Equation (1) under Condition C1+, initialized at any point, VI
converges linearly to the solution at a ratio of

7= (£ o(1))-maxpl(Q):
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Comparison to the classic analysis for halting SSGs

Lemma 11

(1-0o(1))(1-7)<(1-1).

v
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Comparison to the classic analysis for halting SSGs

Lemma 11
(1-0(1)(1-7)<(1-19).

Example 1
Consider Q@ = {Q} where

2 12 0 0 ... O
0 Y2 12 0 ... O
a=| T T ermo,
0 ... ... 0 12 1/
0 .. oo .. 0 12

we have 1 — 5 < (2n 1)<<( —o(1))-3=1-1.
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Summary: Algorithms for absolutely halting subclass

Theorem 3
For Equation (1) under Condition C1+:
> PI diverges.
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Summary: Algorithms for absolutely halting subclass

Theorem 3
For Equation (1) under Condition C1+:
> PI diverges.

» VI converges linearly to the solution at a ratio of

v = (1+0(1))-31§5p(Q)-
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Summary: Algorithms for absolutely halting subclass

Theorem 3

For Equation (1) under Condition C1+:
> PI diverges.

» VI converges linearly to the solution at a ratio of

v = (1+0(1))~g€a§p(Q)-

Remark
Restricted to halting SSGs:

» Our new analysis of VI is comparable to the classic analysis, and

Ruichen Luo (ISTA) Linear-Min-Max

MPI-SWS, 2025

36 /42



Summary: Algorithms for absolutely halting subclass

Theorem 3

For Equation (1) under Condition C1+:
> PI diverges.

» VI converges linearly to the solution at a ratio of

v = (1+0(1))~g€a§p(Q)-

Remark
Restricted to halting SSGs:
» Our new analysis of VI is comparable to the classic analysis, and

> perhaps surprisingly, can even be exponentially faster in some cases.
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Value iteration under Condition C1

A counterexample satisfying
Conditions C1, C3 and C4:
x1 = max{xz, x4 },

X2 = max{xs, X6 }

x3 = —0.9x1 + 1.8x2 — 1.5,
x4 = 0.5x1 + 1.5x, — 1.5,

x5 = —0.5x; — 1.0,

x6 = —0.25x1 — 0.25x> — 1.0.

Ruichen Luo (ISTA) Linear-Min-Max MPI-SWS, 2025 38/42



Value iteration under Condition C1

Initialized at
X(O) = [3/77 5/77 _3/57 _3/147 _17/145 _9/7]T )

A counterexample satisfying
Conditions C1, C3 and C4:
x1 = max{xz, x4 },
X2 = max{xs, X6 }
x3 = —0.9x1 + 1.8x0 — 1.5,
x4 = 0.5x1 + 1.5x, — 1.5,
x5 = —0.5x; — 1.0,
x¢ = —0.25x1 — 0.25x, — 1.0.
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Value iteration under Condition C1

Initialized at
X(O) = [3/77 5/77 _3/57 _3/147 _17/145 _9/7]T ’

A counterexample satisfying VI gets
Conditions C1, C3 and C4:

X(l) = [_3/147 _17/14> _3/57 _3/147 _17/147 _9/7]T )

x1 = max{xs, xa}
T x® = [—3/14, —17/1a, —48%/140, —24/7, —21/28, —9/14]"

X2 = max{xs, X6 }

o= 09 + 180 — 15, X = [, =51, 4890, —24/2, ~21/2s, —5a] ",
X4 = 0.5X]_ +4 1.5X2 — ].57 X(4) = [_24/77 _9/147 3/77 _117/287 5/73 1/56]T )
x5 = —0.5x — ]-Oa X(s) = [3/77 5/77 3/77 _117/287 5/77 1/56]T )

xs = —0.25x; — 0.25x> — 1.0. x©® — [3/7,5/7, —3/5, —3/14, —17/1a, ,9/7]"' ,

and enters a loop.
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Simple policy iteration

Algorithm 3 Simple Policy Iteration (SPI)

1:

o g kW

Let Z(i) be a permutation of
N(i), i € [1, n + n2].
Let Q € Q such that

Q. — J ez i€[l,n +n),
" qi, i€ (n+nm,n|.
Let £ (1,--- ,1).
loop
x<— (1-Q)7'b

r « {i € [1,m] |
Jk € N(i) such that xx < x;} U

{j S (n17n1—|—n2] ’ /€
N(j) such that x; > x;}

7: if " is empty then

: return x

9: else

10: k < min I’
1, if ¢ =

L L= VR,
lx 4+ 1, otherwise.

13: end if

14: end loop
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Randomized simple policy iteration

Algorithm 4 Randomized Simple Policy Iteration (RandSPI)

1. if the number of min and max variables kK > 0 then

2: Generate a new uniform random permutation Z(k) of N (k)

3 fori=1,--- |N(k)| do

4: Replace the kth equation by xk = xz(x)(j)

5: Recursively apply the algorithm to the new system of equations
to find a solution x

6: if x satisfies the original kth equation then

7: return X

8: end if

9: end for

10: else

11: Let © = {Q}
12: return (1 - Q)" 'b
13: end if
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Summary: Algorithms for halting subclass

Theorem 4

For Equation (1) under Condition C1:
» Both Pl and VI diverge.
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Summary: Algorithms for halting subclass

Theorem 4

For Equation (1) under Condition C1:
» Both Pl and VI diverge.
> SPI returns the exact solution in no more than Il;c[p, 1, IN (i)
iterations.
P RandSPI returns the exact solution in no more than

Hie[n1+ng] (‘N(’)‘ + 1)
2n1+n2

recursive calls in expectation.

Remark
SPI and RandSPI are cleverer than brute force!
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Conclusion

Subclasses Decision Checking Pl VI SPI
{C1} coNP-comp. | X X
G ER l(JSPSg E°L3F)) PTIME | X v v
[ {C1,C2,C3} “har PTIME |V vV V

Table 9: The complexity and algorithms of problem subclasses.

Ruichen Luo (ISTA) Linear-Min-Max MPI-SWS, 2025 42 /42



	Introduction
	Stochastic games
	Optimization problem

	Motivating examples and restrictive conditions
	Motivating examples
	Restrictive conditions

	Complexity
	Complexity of the decision problem
	Complexity of checking the conditions

	Algorithms
	Classic algorithms for halting SSGs
	Algorithms for absolutely halting subclass
	Algorithms for halting subclass


