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Optimization Problem

The Two-Player Nash Equilibrium Problem in which

Player 1 maximizes uy(z) = (—g — h)(z) over x € X

Player 2 maximizes uy(z) = (—g + h)(z) overy &
or the Variational Inequality Problem of
F(z) =Vg(z)+H(z), ze X xY, (1)

where H(z) = [Vxh(z), —Vyh(z)], z = (x,y), and
1. X and Y are compact and convex, with re-
spective diameters Dx and Dy;

2. Vg is o-Lipschitz continuous and g(-,-) is
jointly convex;

3. H is L-Lipschitz continuous (0 < L) and h is
u-strongly convex-v-strongly concave.

Goal: Find an e-approximate Nash equilibrium.

Special cases:
[] COUp“ng part g — 0: minxex maXyey h(x, Y);

B Zero-sum part h = 0: mingexxy g(X,y).

Prior Results

General-sum games (0 = L):

B Extragradient [Tse95]: O (min{Lﬂ'V} . log (%))

Acceleration in zero-sum games (0 = 0):
B Bilinear cases (Primal-Dual Method [CP11]):

ded

Question:

CAN WE ACCELERATE IN NON-ZERO-SUM GAMES?
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Motivating Applications

B MATRIX GAMES WITH TRANSACTION FEE B SEMI-COOPERATION

— Player 1 maximizes u; = (Ax,y) + R(X,Y); — Player 1 maximizes u; = —g(z) — h(z);
Player 2 maximizes u; = (Bx,y) — R(x,y). Player 2 maximizes u, = —g(z) + h(z).
- [|A]l, < L |B|, < L |22, < 6; — his the competition payoff: L-smooth and -
— R is L-smooth and pu-strongly concave-v- strongly convex-v-strongly concave;
strongly convex. — g is the additional incentive: 3-smooth.
— Examples: transaction fee, tax rates. — Example: co-opetition [BN11].
— Assume: 3 < 2, /uv. — Assume: 3 = o (min{&, ¥}).
: . (N L 1 : . M L 1
— Classic rates: O (min{u,y} . log (g)) — Classic rates: O (min{ﬂ’y} . log (g))
— Qur rates: — Qur rates:
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Algorithm and Convergence Analysis

Potential Function: Forallz = (x,y) € X x Y,

A(z) = _  max g(z) —g(z) + h(x,y)— h(x,y) .
z=(X,y)EXXY  S=————o—— —

jointly convex coupling  convex-concave zero-sum

Proposition 1. forallz = (x,y) € X x Y, we have A(z) > 0 and

2A(z) >  max u1(X,y) — ui(x,y) + ua(x,y) — un(x,y).

AN AN

z=(x,y)eXXY

Proposition 2. Let z* € X x Y. Then, z* is the Nash equilibrium if and only if A(z*) = 0.

Technical insights. At every iteration t, we linearize the coupling part in the potential function at z;:

. . o . S
(iny, A2) > min,_max (Vg(z:).z-2) + 5 (Hz —zef; - [z - thi) +hix,y) — hix,y).

and note that this minimax optimization can be fully decomposed into two separate problems:

. - - 1 - -
min max (Vg(ze), (x, ~¥)) + h(x,9) + 5— (Il = xe[3 = [§ = yel3) = ¢e(x,¥), and
xeX Jey 21
1

min max (Ve (ze), (~%,y)) — hx,y) + 5 (= [K = xel3 + ly = vel}) = ~¢e(.y)

yey xeEX 2771’

Moreover, by Sion’s minimax theorem, (after simple substitutions) these two separate problems unify into a
single saddle point problem of minyecx maxycy ©:+(X,y).

Thus, we obtain a clean, black-box reduction that
reduces near-zero-sum games to a sequence of zero-sum subproblems.

Algorithm 1 Iterative Coupling Linearization (ICL)

Require: xg € X,yp € Y.
1: fort=0,1,---, T —1do

1 > 1 >
2: Let 0:(x,y) = (Vxg(Xt, ¥¢), X) o [x: — x5 + h(x,y) = (Vyg(xt,¥t), ¥) o ly: —yll5-
t t
3: Find an inexact saddle point z;,; € X X Y of ¢, s.t.

(Vxpt(Ze+1), Xe41 — X) — (Vyor(Ze41), Ye41 —y) < e, forallze X x Y.

4: end for

Theorem 1 (Main theoretical result). Denote n = min {% min{lu V}} and 6 = n_ﬂninrii’f]’{’ﬁ o7 Let e = nand

£ — 2—;, forallt € [0, T — 1] N Z. For strongly monotone 6-near-zero-sum games, for T > % log 2%2, the
outer loop iterates of Algorithm 1 converge to an e-accurate Nash equilibrium with the number of gradient
queries bounded by

) ((ZT i} {1’ \/ui}) o8 () % <D>) '

Acceleration conditioning: 0 + min{u, v} < u + v. [NEAR-ZERO-SUM]




