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Abstract

Turn-based deterministic games on graphs are two-player zero-sum games played on finite
directed graphs, where the vertex set is partitioned between the Max and the adversarial Min
Player. The respective player chooses outgoing edges from their vertices. We consider these
games with the classical discounted-sum and mean-payoff objectives. The goal of the Max
Player is to maximize the objective against the adversarial Min Player. These games lie in
NP N coNP and are among the rare combinatorial problems that belong to this complexity
class, yet the existence of a polynomial-time algorithm is a major open question. All known
deterministic algorithms require exponential time in the worst case, while the classical strategy
iteration (policy iteration) algorithm is remarkably efficient in practice, which motivates the
study of the smoothed complexity of these games. Previous results established a smoothed
polynomial-time bound only for the restricted class of ergodic games and presented only a high-
probability guarantee. Our main result is a new analysis technique for a variant of the strategy
iteration algorithm, and we show these algorithms achieve smoothed polynomial complexity for
general game graphs with both high-probability and expected runtime guarantees. In particular,
our result removes the ergodicity restriction of prior work and strengthens the high-probability
guarantee to the stronger expected-runtime guarantee, thereby resolving the open question on
the smoothed complexity of these games.!

! Through personal communication, we are aware of independent and concurrent work by Bruno Loff and Mateusz
Skomra, titled “Smoothed analysis of policy iteration and value iteration for deterministic discounted and mean-payoff
games played on any graph”.
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1 Introduction

Turn-based game graphs. The class of two-player turn-based (perfect-information) deterministic
games is a widely studied theoretical model. The model consists of a finite directed graph G = (V| E)
where the vertices are partitioned into Player-Max and Player-Min vertices, and the corresponding
player chooses outgoing edges of the vertices in control. This model extends classical graphs and
is used to model interaction between two adversarial agents, and has many applications, e.g.,
in analysis of reactive synthesis (interaction of controller and environment) | , ]; in
adversarial planning [ , ]. Moreover, this model closely corresponds to the notion of
alternation in Turing machines which has been studied in [ ).

Discounted-sum and mean-payoff objectives. In the study of games over graphs, the two fundamental
payoff functions or objectives are discounted-sum and mean-payoff. Every edge is assigned a real-
valued reward, which represents the per-stage reward. A play (or infinite-walk) of the graph is
an infinite-sequence of vertices, with edges between the consecutive vertices. The payoff of a play
under discounted-sum (resp., mean-payoff) is the discounted-sum (resp., the long-run average) of
the rewards that appear in the play. These objectives are the most well-studied and basic objectives
studied in games over graphs [ , , , |, e.g., mean-payoff and discounted-sum
games have been studied for quantitative reactive synthesis | , , .

Algorithmic results. Besides the practical motivation to study turn-based deterministic games
with discounted-sum and mean-payoff objectives, they represent an intriguing class of problems
for algorithmic study. The main computational problem is related to the optimal value for an
objective, where the Max Player aims to maximize and the Min Player aims to minimize the payoff
function. The decision problems for these games lie in NP N coNP (also UP N coUP) | , ],
but the existence of a polynomial-time algorithm is a long-standing and major open problem. All
deterministic algorithms for this problem have a worst-case exponential-time complexity.

Smoothed complexity. While the worst-case complexity for the computational problem for these
games is exponential, a classical algorithm (namely the policy-iteration algorithm) works very well
in practice. Hence it is natural to consider the smoothed complexity of this problem [ ], which
is a classical complexity analysis between worst-case and average-case analysis. The smoothed
complexity analysis of these problems has an interesting history: First, a polynomial-time smoothed
complexity result for mean-payoff games was claimed in | |; unfortunately this claim was
incorrect and later retracted. Second, this result was partially recovered in [ ] which shows
smoothed polynomial-time complexity for the special class of ergodic games (where all vertices
have the same value) with a high-probability guarantee.

Open problem. The class of ergodic games is often simpler to analyze, e.g., partially-observable

MDPs (POMDPs) with ergodicity are decidable | | whereas in general they are undecid-
able | ]; and for mean-payoff objectives the algorithmic study for ergodic games is much
simpler [ , |. Hence the first key open problem is to extend the smoothed polynomial

time result from ergodic to general game graphs. Moreover, the previous result only presents a
high-probability guarantee, whereas for smoothed complexity analysis a stronger and more desired
guarantee is the expected runtime guarantee (see Remark 1). Thus, the second interesting open
problem is to establish polynomial-time smoothed complexity with expected runtime guarantee for
turn-based deterministic discounted-sum and mean-payoff games.

Our contribution. We answer the above open questions in the affirmative. Moreover, we show
that variants of the policy-iteration algorithm achieve the polynomial-time smoothed complexity
on general game graphs with expected runtime guarantee. In other words, we resolve the open
question with variants of a well-known algorithm that also works well in practice.
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Related works. The algorithmic study of discounted-sum and mean-payoff games has a long his-

tory | , , , , , ]. All these deterministic algorithms have
worst-case exponential-time complexity for the general case, and even the known randomized al-
gorithms achieve only sub-exponential time | , ]. Moreover, discounted-sum games are

closely related to turn-based stochastic games, which subsume MDPs as a special case. Thus, it is
natural to ask whether our smoothed polynomial-time result extends to this broader class. Quite
interestingly, | ] establishes a super-polynomial-time lower bound for the smoothed complexity
of policy iteration on MDPs, which rules out such an extension to turn-based stochastic games.

2 Preliminaries

For ease of reference, Table 1 in Appendix A collects the recurring notation of the paper.

Definition 1 (Game graphs). A game graph G = (Vinin, Vinax, F) is a directed finite graph con-
sisting of two disjoint finite sets of vertices Vinin and Vipax, with vertex set V £ Voin W Vipax and
edges E C V x V. We denote by n £ |[V| and m £ |E|. An edge a = (v,v') € E indicates the
transition from vertex v to v’. Without loss of generality, we consider that for every vertex v € V,
there exists at least one v € V such that (v,v') € E.

Dynamics and paths. At the beginning of the game, a token is placed at an initial vertex
vo € V. At any time t (t € Z>o): if v; € Vinin, then the Min Player chooses an edge a; € E, where
a; = (vg,vi41), and the token is moved from v; to vy11; and similarly, if v, € Vijax, then the Max
Player chooses an edge and moves the token. A path (or play) starting from an initial vertex vy is
an infinite sequence of vertices p = vg, v1,v2, ... such that (v, vey1) € E for all t € Zxg.

Objectives. We consider discounted-sum and mean-payoff objectives, and in both cases there
is a reward vector r € R¥ that assigns to each edge a = (v,v') € E a real number r(v,v') as its
per-stage reward.
e Discounted-sum objective: For the discounted-sum objective, a real discount factor v € [0, 1)
is given, and the game is denoted by G7'*. For any path p = vg, v1,v9, ..., the discounted-sum
payoff is the infinite discounted sum of the rewards of the edges that appear in the path:

oo
u(p) = Z’)’tr(%wﬂ)-
t=0

Since v € [0,1) and the graph is finite (i.e., rewards are bounded), this infinite sum converges.
o Mean-payoff objectives. For mean-payoff objectives, the same graph and reward vector are
considered, denoted by G™P'*, but the payoff function evaluates a path by its long-run average

reward instead of discounted sum. For any path p = vg,v1,..., the mean-payoff is:
=
u™Pt(p) = liminf — r(vs, Veg1).
(p) ateeallys tz% (vt, vi11)

Strategies. A strategy (or policy) is a rule that a player uses to choose their next edge. In
the most general sense, a strategy can depend on the prefixes of paths. However, it is known
that for both discounted-sum and mean-payoff games with perfect information, memoryless and
deterministic optimal strategies always exist [ , ]. We refer to strategies that are both
memoryless and deterministic as positional strategies, to which we restrict our attention without
loss of generality. Formally, we define a strategy for the Min Player as a mapping mmin : Vinin = V
such that (v, Tmin(v)) € E for all v € Vipi,. Symmetrically, a strategy for the Max Player is a
mapping Tmax : Vmax — V such that (v, Tmax(v)) € E for all v € Viyax. We denote the sets of all
valid positional strategies for the Min and Max Players as Il,,;, and Il,.x, respectively. Given an
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initial vertex v € V' and a pair of positional strategies (min, Tmax), the game graph G produces
a unique path, which we denote by p(v, Tmin, Tmax). Note that this path consists of a finite-path
followed by a simple cycle infinitely repeated.

Values. It is well-known from the literature | | that for any given v and r, every vertex
v € V has a unique discounted-sum value, denoted by p¥*(v), which satisfies:

r : r : r
u’(v) = min max  u"(p(V, Tmin, Tmax)) =  mMax min  «”"(p(v, Tmin, Tmax))-
Tmin €lmin Tmax €Elmax Tmax €llmax Tmin €lmin

Similarly, the mean-payoff game G™P* has a unique value for every v € V', denoted by p™P*(v).

Optimal strategies. A strategy 7. € Iy is an optimal min strategy for the discounted-sum

game G7' if it guarantees that the discounted-sum payoff never exceeds the discounted-sum value,
regardless of the opponent’s strategy; i.e., for all starting vertices v € V and all mpax € Hpnax, We
have u* (p(v, T} i Tmax)) < 17" (v). The notion of optimal max strategies is defined symmetrically.
We say that (7). , 7. ) is a pair of optimal strategies for G7* if 7. is an optimal min strategy
and 7. is an optimal max strategy for the discounted-sum objective. The notion of optimal
strategies for mean-payoff games is defined analogously.

3 Smoothed model

The current best-known deterministic algorithms for discounted-sum and mean-payoff games have
worst-case exponential complexity. However, in practice, instances of these games rarely exhibit
worst-case behaviors. Hence the goal of this work is to study the problems through the lens of
smoothed analysis | ], which bridges the gap between average-case and worst-case complexity
by analyzing the performance of an algorithm under slight random perturbations of adversarial
inputs. Throughout this section, we describe the smoothed model for discounted-sum games. The
model for mean-payoff games is obtained similarly.

Input formalization. We follow the standard notion of smoothed model where the adversarial
input is normalized. In discounted-sum and mean-payoff games, the rewards can be shifted and
scaled to ensure that they lie in the interval [—1,1]. In our smoothed analysis framework, an
adversary first specifies the graph G = (Vinin, Vinax, ) and the discount factor v € (0,1). The
adversary also chooses an initial, worst-case reward vector ro € [—1,1]”. That is, the adversary
can assign any initial reward to any edge, provided it is bounded within the interval [—1, 1]. After
the adversary fixes G, 7, and rg, a random continuous perturbation is applied to the rewards.
Specifically, we define a noise vector ¢ € RF. For broad application, we do not restrict ¢ to a
specific distribution. Instead, we require the perturbation to satisfy a set of standard regularity
properties, parameterized by a maximum density bound ¢ > 0 and a tail decay parameter ¢ > 0.

Definition 2 (Smoothed model). The random noise vector ¢ € RE satisfies the following properties:

1. Independence: The coordinates &, for all ¢ € E are mutually independent.

2. Density bound ¢: For all a € E, the probability distribution of &, is absolutely continuous with
respect to the Lebesgue measure. Furthermore, its probability density function is uniformly
bounded by ¢.

3. Tail bound §: For all a € E and t > 0, the tail probability satisfies P[|¢,| > ¢] < exp(—61).

Special cases: Our general smoothed model captures many standard continuous distributions:

e Gaussian noise: For &, ~ N(0,02), the conditions hold with ¢ = a\}ﬂ and 6 = ~ i/w.
e Laplacian noise: For £, ~ Laplace(0,b), the conditions hold with ¢ = % and 0 = %.
e Uniform noise: For &, ~ Uniform(—b,b), the conditions hold with ¢ = 2% and 6 = %.
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Problem statement. Given the input consisting of a game graph G, discount factor ~, and the
normalized reward vector rg, the algorithmic problem is to compute optimal strategies and values
for the smoothed game GV, where the final perturbed reward vector r € R¥ is given by r = rg 4 &.

Probability measure. The random noise £ induces a unique probability measure over the space
of perturbed reward vectors r. We define the probability measure as P¢[-] and the corresponding
expectation under this measure as E¢[-]. Since for any edge a the adversarial base rewards are
bounded such that ro(a) € [—1,1], the tail concentration property guarantees that the magnitude
of the final perturbed reward satisfies

Pe[lr(a)| > 1+t] < exp(—6t). (1)

Polynomial-time smoothed complexity. Finally, we define the smoothed complexity of an
algorithm for this problem. Let 7(G,~,ro + &) denote the total number of arithmetic operations
of an algorithm on the perturbed game G7*. We evaluate the algorithm’s performance under two
standard types of smoothed guarantees:

1. High probability guarantee: An algorithm achieves smoothed polynomial time with high prob-
ability if, for any failure probability € € (0,1), its runtime is bounded by a polynomial in
the game dimensions (n and m), the noise parameters (¢ and 1/6), and the inverse failure
probability (1/e€), with probability at least 1 — e. Formally, for any graph G, discount factor
7, initial reward vector ro € [—1,1]F:

IPe [T(G,’y, ro+¢) < poly(n,m,qﬁ, %, %)} >1—e

2. Ezpected runtime guarantee: An algorithm achieves expected smoothed polynomial time if its
expected runtime over the random noise is bounded by a polynomial in n,m, ¢, and 1/6.
Formally, for any graph G, discount factor 7, and initial reward vector rg € [—1, 1]E :

Ee [T(G,’y, ro + f)} < poly(n, m, @, %)

Remark 1 (High probability vs. expectation guarantee). We clarify the two types of guarantees
above in the context of smoothed complexity. In the design of randomized algorithms, a high-
probability bound is often considered a stronger guarantee because the algorithm can draw fresh
randomness and restart upon failure. In smoothed analysis, however, the random perturbation is
fixed exactly once, making restarts impossible. Consequently, an expected polynomial runtime is a
strictly stronger mathematical guarantee. As specifically noted in | |, a high-probability poly-
nomial bound follows from an expected polynomial bound via Markov’s inequality. The converse,
however, does not hold: an algorithm may run efficiently on 1 — € fraction of the perturbations,
yet its runtime could grow exponentially on the remaining e fraction of bad instances, resulting in
exponential expected runtime. Thus, bounding the expected runtime is the desired and stronger
guarantee in the context of smoothed analysis. Thus the main goal of the study is to provide above
guarantees, especially expected runtime guarantee, for discounted-sum and mean-payoff games.

4 Overview of Techniques

Previous result and technique. The previous result | | in the literature for polynomial-time
smoothed complexity for games with mean-payoff and discounted-sum objectives is restrictive in
two ways: First, the class of game graphs is restricted to ergodic game graphs, where all vertices
have the same value for mean-payoff objectives. Second, the result only provides smoothed high-
probability guarantee and not the more general expected guarantee. The main algorithm for the
smoothed analysis is the policy-iteration algorithm, which is simpler for ergodic mean-payoff games,
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as compared to general mean-payoff games. While for general mean-payoff games, the policy-
iteration algorithm for mean-payoff objectives relies on (i) values and (ii) potential or bias; for
ergodic games, since all vertices have the same value, the only relevant concept is the bias. The
results of [ | depend on the notion of bias-induced optimal strategies, which is only relevant
for ergodic games. The key mathematical techniques in [ | along with bias-induced optimal
strategies are (i) the notion of condition number, and (ii) geometric interpretation of reward vectors
and hyper-plane separation induced by strategy profiles.

Our techniques: Our analysis provides the general result removing all the above restrictions. We
present our key technical contributions below.

1. Ingredient 1: First, we provide a quantitative decomposition of discounted-sum values with
respect to mean-payoff values (Lemma 2) and then present a Lipschitz continuity result with
respect to switches of edges from optimal strategies (Lemma 3). These results hold for all
game graphs, and are neither specific to the smoothed model nor a probabilistic guarantee.

2. Ingredient 2: Second, we present a probabilistic separation between (i) the value of a
vertex and (ii) the value obtained by playing a sub-optimal edge and then playing opti-
mally (Lemma 4); which we call the separation of the sub-optimality gap.

3. Ingredient 3: Finally, for general mean-payoff games, the policy iteration algorithm depends
on both the values and the bias. Our final key ingredient is a mean-payoff value separation
bound, which shows that for every vertex pair either the value is the same or there is a
separation bound for the values (Lemma 5).

Ingredient 1 is the foundational result which is the basis of all results. We remark that with
Ingredient 1 and Ingredient 2 we have an alternative proof for ergodic games with high-probability
guarantee. However, for brevity, we focus on general game graphs for this paper. Ingredient 3
along with the other two ingredients is the main idea for generalization from ergodic to all game
graphs, for high-probability guarantee. For the extension from high-probability to expected runtime
guarantee we present another technical contribution:

4. Ingredient 4: We consider the Blackwell-optimal discount factor vy, such that optimal strate-
gies for discounted-sum are also optimal for the mean-payoff objectives. Let the inverse gap
be 1/(1 —4pw). The runtime complexity of the policy-iteration algorithm is dominated by the
inverse gap, and in general the expected value of this inverse gap may be exponential. We
therefore consider a truncated version of this inverse gap, which is the minimum of the inverse
gap and the number of strategies, and show a polynomial upper bound for the expectation
of the truncated version (Lemma 9).

Our ingredients tightly relate discounted-sum and mean-payoff games and hence we view mean-
payoff games through the lens of discounted-sum games and Blackwell-optimality. Hence our main
analysis focuses on discounted-sum games with arbitrary discount factors. We start with the formal
background on Blackwell-optimality and policy iteration algorithm for discounted-sum games.

5 Background on Blackwell Optimality and Policy Iteration

In this section, we provide some useful theoretical and algorithmic tools from the literature. We
first recall the concept of Blackwell optimality, which is a fundamental result in the theory of
dynamic programming and games that establishes the existence of strategies, namely Blackwell
optimal strategies, that are uniformly optimal for all discount factors sufficiently close to 1 | ,
]. This property provides an important bridge between discounted-sum and mean-payoff
games. We then describe the classic policy iteration algorithm for discounted-sum games to compute
the optimal strategies and game values.
Blackwell threshold 4pw(r) and Blackwell-optimal strategies. Formally, given a specified
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reward vector r, a strategy ﬂﬁl"fn € Ilnin is a Blackwell optimal min strategy if there exists a threshold
discount factor 7o € [0, 1) such that for all y € [yo, 1), the strategy 7°% is an optimal min strategy
for the discounted-sum game G7*. Symmetrically, a strategy 72V € .y is a Blackwell optimal

mazx strategy with respect to r if there exists a threshold discount factor vy € [0,1) such that for
all v € [y0,1), 72%_ is an optimal max strategy for G7*. We define the Blackwell threshold with
respect to r, denoted by Yhw(r) € [0,1), as the infimum over all such valid thresholds.

Asymptotic relationship between discounted-sum and mean-payoff values. By definition,
for any v € [Yow(r), 1), a pair of Blackwell optimal strategies (7P% 72 ) is guaranteed to be opti-
mal for the discounted-sum game G”*. Furthermore, these strategies are of particular theoretical
importance because they simultaneously act as optimal strategies for the corresponding mean-payoff
game G™P' providing a crucial bridge between discounted-sum and mean-payoff games [ .
Formally, for any reward vector r € R¥ and vertex v € V, the normalized discounted-sum value

converges exactly to the mean-payoff value, i.e.,
PP () = lim (1= )47 (v). @
gl

Policy iteration. To compute the optimal strategies and values in the discounted-sum game G7*,
we describe the classic policy iteration algorithm, formally presented in Algorithm 1 in Appendix B.
The algorithm operates from the perspective of one of the players; without loss of generality, we
formulate it for the Min Player. Starting from an arbitrary initial strategy, the algorithm iteratively
refines the strategy mmin through alternating phases of policy evaluation and policy improvement.

e Policy evaluation phase: The algorithm fixes the Min Player’s current strategy mmin. With
Tmin fixed, the game reduces to a graph with only choices for the Max Player (aka deterministic
MDP). Graphs (or deterministic MDPs) with discounted-sum objectives can be solved in
strongly polynomial time | ]. The resulting vector p represents the expected discounted-
sum payoff under the current strategies.

e Policy improvement phase: The algorithm searches for improving switches—local edge
changes that strictly decrease the current evaluated payoff for the Min Player. If no improv-
ing switch exists for any vertex in Vi, the algorithm terminates. Otherwise, the algorithm
updates myin by simultaneously applying the best improving switch at every possible vertex.
This specific greedy update mechanism is known as Howard’s all-switch rule.

In other words, the policy-iteration algorithm iterates over strategies of a player by greedily switch-
ing over local improvements.

Correctness and complexity. The key correctness proof establishes that when no local-
improvement switches are possible, then the obtained strategy is globally optimal [ |. Since
the total number of strategies is at most n™ and each update strictly decreases the value vector, the
algorithm is guaranteed to converge in finite time [ |. Specifically, for discounted-sum games,
the upper bound on the number of iterations depends on the discount factor . The worst-case
strongly polynomial bound for a constant discount factor from the literature, which is the basic
result we use in subsequent analysis, is as follows:

Proposition 1 ( , Theorem 7.5). Let v € [0,1). For any game G7'* with n vertices and m
edges, the number of iterations that Pl algorithm (Algorithm 1) requires is at most 6% ln(%).

Each iteration of Pl performs a single policy evaluation, which requires at most O(n3m? log? n)
arithmetic operations | |. While this algorithm performs well in practice, the worst-case bound
of Proposition 1 is exponential as v approaches 1 (e.g., vy =1—27").
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6 Mathematical Ingredients 1-3

In this section, we present the details related to the first three ingredients mentioned in Section 4;
full proofs are provided in Appendix C.

6.1 Ingredient 1: Value Decomposition and Lipschitz Continuity
In this subsection, we present conceptual ideas behind Ingredient 1 from Section 4.

e We first establish a value decomposition for discounted-sum games under Blackwell optimality
(Lemma 2), which provides a useful connection between discounted-sum and mean-payoff
games. As compared to Equation (2) which only provides convergence-in-the-limit guarantee,
this result provides a quantitative bound on the difference of the discounted-sum and mean-
payoff values. While a general characterization of discounted-sum and mean-payoff value
is provided in | | for concurrent games (with simultaneous interaction), we present a
quantitative characterization albeit for the simpler class of turn-based games.

e We then define the suboptimality gap, which quantifies the suboptimality incurred by switch-
ing a single edge in the optimal strategy. We show that whenever the two endpoints of an
edge share the same mean-payoff value, the suboptimality gap is Lipschitz continuous with
respect to the discount factor v over the Blackwell threshold (Lemma 3)

Lemma 2 (Value decomposition under Blackwell optimality). Consider a game graph G with
reward vector v € RE. Let v € V be a vertex.
1. Decomposition: For all v € (ypy(r), 1), the discounted-sum value admits the following decom-
position, where wi () is a rational function of y:

pr (v)
M%r(’u) = ﬁ + ’UJ:‘}(’}/)
2. Magnitude and derivative: For all v € (Ypy(r), 1), the magnitude and the derivative of wi(7)
are bounded by:

r d r
W) < dnlfeloeand - |(Z-wh)()| < T el

Proof sketch. Let p = p™PT(v). Fix a Blackwell optimal strategy pair, under which the path
from v consists of a transient path of length ¢ < n followed by a cycle of length ¢ < n. Let
r, denote the reward at step k. Then p is the average cycle reward, so Z;;(l)(rtﬂ — ) = 0.
Writing each reward as (1 — ) + @ in " (v) = Z;;%) iyl + 11—;0 Z;;é 71457/ shows that the p
terms contribute p/(1 —+). The cycle cancellation removes this singular factor from the remaining
terms, which define the rational function w}(y). For magnitude and derivative, w}(y) contains
at most 2n deviations, each bounded by 2||r|~ and multiplied by a coefficient in [0, 1], giving
|wE ()| < 4n|r||so. Differentiating these coefficients bounds the transient contribution by n?||r||s
and the cycle contribution by 6n2||r||s, yielding the derivative bound. O

Suboptimality gap A”". We define the suboptimality gap for the discounted-sum game G7'* as
follows. For all edges (v,v') € E,

AV (0,0) = v(0,0') + 77 (W) — 0 (0);
i.e., the quantity r(v,v’)+yu?*(v') is the value for switching via the edge, and p7"" (v) is the optimal
value; and hence the function represents the relative value for switching via the edge.
Main property. For any reward vector r € RF such that p™P*(v) = p™P*(v'), we show that the
suboptimality gap is Lipschitz continuous in v over the Blackwell threshold. In contrast, the value

vector 17" (v) may not be Lipschitz continuous in v because the singular term %r(”) in the value
decomposition (Lemma 2) diverges as -y approaches 1.
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Lemma 3 (Lipschitz continuity). Let r € R” be any reward vector. For any edge a = (v,v') € E
where p™Pr(v) = p™PF(v'), the map v — AVF(v,v") is 18n?||r||so-Lipschitz continuous over the
interval (ypy(r),1).

Proof sketch. Substituting the value decomposition from Lemma 2 into the suboptimality gap,
the shared mean-payoff value cancels the singular terms, giving AV*(v,v') = r(v,v") — p™P*(v) +
ywy, (v) — wi(7y). Therefore, using the magnitude and derivative bounds from Lemma 2, we have

‘%A%r(v,v’)‘ < 4n||r]| o + 1472||r]|s0 < 18n2||r]|os, which proves the result. O
Gap at one AM". The Lipschitz continuity result implies that we can extend the definition of
AYT to v =1 as follows. For any edge (v,v’) € E where ™" (v) = p™P*(v'), we have

AT (v,0") £ lim AT (v, ).
11

Following from Lemma 3, the limit exists and is finite. We also refer to A as the suboptimality
gap of the mean-payoff game G™P-'.

6.2 Ingredient 2: Suboptimality Gap Separation

We now establish a probabilistic separation result for the suboptimality gap under the smoothed
model (Ingredient 2 from Section 4). For any fixed edge a = (v,v’), the event that (i) vertices v and
v" have the same mean-payoff value and (ii) the suboptimality gap at v = 1 is small and non-zero,
has low probability.

Lemma 4 (Suboptimality separation). Let G be any game graph and let a = (v,v') € E be any
fized edge. Under the smoothed model, for any d > 0, we have

Pe [p™P* (v) = p™"(v') and 0 < ’Al’r(a)l < 8] < 26¢.

Proof sketch. Consider the event £ £ {r € RF : y™P¥(v) = p™P*(v') and 0 < }Al’r(a)‘ <é}. Ifa
is the only outgoing edge from v, then A (a) = 0 whenever well-defined, so & is empty. Otherwise,
fix the rewards r_, on all edges except a and write x = r(a). For any z such that (z;r_,) € £, the
edge a is strictly suboptimal for all v sufficiently close to 1. Deleting a therefore leaves the value
vector unchanged and preserves the shared mean-payoff value of v and v'. Thus,

A (a) = @+ Tim (" (v) = 77 ().
o

By Lemma 2, the limit term is finite and independent of x. Hence the set of z values producing &£
has length at most 29, and therefore conditional probability at most 2d¢. Since this bound holds
for every fixed r_,, the unconditional bound follows. O

6.3 Ingredient 3: Mean-payoff Value Separation

We establish Ingredient 3 from Section 4: under the smoothed model, the mean-payoff values of any
two vertices are either the same or separated by an inverse-polynomial gap with high probability.

Lemma 5 (Mean-payoff separation). Let G be any game graph and let v,v' € V. Under the
smoothed model, for any B > 0, we have

P, [0 < | (v) — ()| < B] < 2Bmno.

Proof sketch. With probability 1 the Blackwell optimal pair is unique; fix it and let C} be the
recurrent cycle reached from v, of average reward p™P* (v). If u™P*(v) > p™P*(v'), then no edge of
C? is reachable from v’ under the optimal Min strategy ﬂglvivn, since otherwise Max could reach and

repeat CT from v’ and secure p™PT(v) > P (v') against 72 . Assume 0 < P (v) — pmPF (o) <
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B, fix an edge a € E(CT), condition on r_,, and write x £ r(a). Since a is unreachable from v’ the
value p™P-(#i*—a) (1) is a constant o independent of x, whereas x — p™P(**-a) (y) is nondecreasing
with derivative at least 1/n almost everywhere on the set where a lies on the cycle reached from v.
This set therefore maps into (o, « + B) and has Lebesgue measure at most nB; multiplying by the
density bound ¢, summing over the m edges, and adding the symmetric case gives 2mnBa. O

7 Discounted-sum games

In this section, we focus our attention on discounted-sum games under the smoothed model. To
establish smoothed polynomial runtime, we first derive a tail bound on the Blackwell threshold
Ybw(r) by combining the mathematical ingredients from Section 6 (Section 7.1). We then introduce
a restarting variant of policy iteration and establish a total iteration bound for it in terms of Y (r)
(Section 7.2). Combining this bound with the tail bound yields smoothed polynomial runtime with
high probability (Section 7.3). Combining it with a bound on the expected truncated inverse gap
yields smoothed polynomial expected runtime (Section 7.4). The full proofs of the results in this
section are provided in Appendix D.

7.1 Tail bound

In this subsection, we establish a tail bound on the Blackwell threshold 7y, (r) under the smoothed
model. The resulting bound shows that v, (r) is bounded away from 1 with high probability and
serves as the foundation for both the high probability and expected runtime analyses in the sequel.
We first define the variable K which is a polynomial in the input parameters m, n, and ¢:

K 2 92m*n%(¢ + 1). (3)

Lemma 6 (Tail bound). Let G be any game graph. Under the smoothed model, for any x > 1,
with the bounding function defined as M(z) £ 1+ §In(ma), we have

Proof sketch. We combine the reward tail bound Eq. (1) with the suboptimality gap and mean-
payoff-value separation events from Lemma 4 and Lemma 5. Condition on the intersection of
these events, Lemma 2 and Lemma 3 imply that every non-optimal edge retains its sign for all
v > 1—1/z, and hence Yy (r) < 1 — 1/z. Choosing the separation parameters proportional to
M (x)/x and applying union bounds over the edges shows that the complement of this event has
probability at most KM (x)/x. O

7.2 Restarting Policy Iteration

In this subsection, we introduce the restarting variant of policy iteration called RePl, presented
in full detail in Algorithm 2 in Appendix B. We bound its total iteration count in Lemma 7:
deterministically by the number of positional strategies for every reward vector, and, under the
smoothed model, by an inverse-polynomial factor of the Blackwell gap 1 —41(r) with probability 1.

Informal description. Our algorithm sweeps through a geometric sequence of thresholds v, =
1—e*for k=0,1,...,[nlnn]. For each k in turn, if the target discount factor v already satisfies
v < 7, the algorithm directly executes the standard Pl procedure on . Otherwise, it solves the
game with the discount factor v; to obtain a candidate strategy pair, computes the payoff of this
pair under the target discount factor «, and checks for any unilateral improving switches. If none
exists, the candidate is optimal for the discount factor v and the algorithm terminates. If the
test fails, the algorithm proceeds to the next threshold 7511 and retries. If every threshold in the
sequence fails, then the algorithm falls back to running the standard Pl procedure on ~.
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Lemma 7 (Total iteration bound). Let G be any game graph with n > 2, let v € [0,1), and let
r € RE. Write Ny, (r) for the total number of iterations executed by RePI(G,~,r) (Algorithm 2),
summed over all calls to Pl. Then Nier(r) < ([nlnn]+2)n™ for every r, and, under the smoothed
model, with probability 1,

Nigepr) < 27— S 1n<1 _67':0 (r)).

7.3 High Probability Guarantees

In this subsection, we combine the total iteration bound of Lemma 7 with the tail bound from
Section 7.1 to show that, with probability at least 1 —e¢, RePl terminates after a number of iterations
polynomial in the game parameters, the density bound, the inverse of tail bound, and the inverse
failure probability 1/e.

Theorem 8. The restarting PI algorithm achieves smoothed polynomial time with high probability
guarantee for discounted-sum games.

Proof sketch. Fix a failure probability € € (0,1). The tail bound in Lemma 6 shows that the inverse
Blackwell gap 1/(1 — Ypw(r)) is bounded by a polynomial in n,m, ¢,1/6, and 1/¢, with probability
at least 1 — e. Conditioned on this event, substituting this bound into the total iteration bound of
Lemma 7 yields a polynomial bound on the total number of iterations executed by RePl. The full
proof is given in Lemma 16 in Appendix D. O
7.4 Expected Runtime Guarantees

To bound the expected number of iterations of RePl, we first define the notion of truncated inverse
gap and show that its expectation is bounded by a polynomial in the game parameters, the density
bound, and the inverse of the tail bound in Lemma 9 (Ingredient 4 from Section 4). We then
combine this bound with the total iteration bound of Lemma 7 to obtain the desired polynomial
bound on the expected number of iterations.

Truncated inverse gap. For any reward vector r € R¥, define
Y (r) £ min (1/(1 = ypw(r)) In (1/(1 = ypw(r))) , n").

Lemma 9 (Bounding expected truncated inverse gap). Let G be any game graph with n > 2. Let
K be defined in Eq. (3). Under the smoothed model, we have

6(0+1)

Ee[Y(r)] < K(nlnm)3.

Proof sketch. By Lemma 6, the inverse Blackwell gap has tail probability of O(In(z)/z). Integrating
this tail up to the truncation point n™ yields the stated polynomial bound. ]

Theorem 10. The restarting PI algorithm achieves smoothed polynomial time with expected run-
time guarantee for discounted-sum games.

Proof sketch. By Lemma 7, the runtime of RePl is bounded by the inverse Blackwell gap (up to
polynomial factors of n and m), while its worst-case fallback is bounded by the finite number of
strategies. These two bounds are captured by the truncated inverse gap Y (r). Therefore, the
polynomial expectation of Y (r) from Lemma 9 yields a polynomial expected runtime. The full
proof is given in Lemma 17 in Appendix D. O

As established in Section 5, any Blackwell optimal strategy for a discounted-sum game is an
optimal strategy for the corresponding mean-payoff game | |. Therefore, our smoothed analysis
for computing Blackwell optimal strategies directly yields a smoothed polynomial-time algorithm
for mean-payoff games, presented in Corollary 11. The full proof is given in Appendix E.

10
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Corollary 11. The restarting mean-payoff PI algorithm RePl,,, achieves smoothed polynomial time
for mean-payoff games, with both high-probability and expected runtime guarantees.
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A Notation summary

Table 1 collects the recurring notation of the paper. Symbols are grouped by role; entries point to
the section or equation where they are first introduced.

Game graph and games
G = (Vmim Vinax; E) game graph; V' = Vinin W Vinax, n = ‘V’, m = ’E‘

Grr discounted-sum game on G with discount v and rewards r
Gmpr mean-payoff game on G with rewards r

Strategies

Tmin, Tmax positional strategies of the Min / Max player

Ilmin, Hmax sets of all positional strategies

i Blackwell optimal strategies (Section 5)

Tinin, Tmax vertices with improving switches for Min / Max

Rewards, perturbation, values

ro € [-1,1]F adversarial (unperturbed) reward vector

£ eRE noise vector; density bounded by ¢, tail parameter 6
r=rg+¢cRP perturbed reward vector (Section 3)

v €[0,1) discount factor

wrr(v), pmPr(v) discounted-sum / mean-payoff value at vertex v

Yow (1) Blackwell threshold (Section 5)

Algorithms

PI(G,~,r) policy iteration on G7* (Section 5)

RePlI restarting policy iteration for discounted-sum games (Algorithm 2)
RePlyp restarting policy iteration for mean-payoff games (Algorithm 3)
Ye=1—eF geometric threshold schedule used by RePl / RePly,,

Analysis quantities

AV (v,0") suboptimality gap of the edge (v,v’)
K 2 92m?n?(¢p+1)  coefficient in the tail bound (Eq. (3))
M(z) £ 1+ 3In(mz) tail bound function (Lemma 6)
truncated inverse gap (Section 7.4)
0,1) failure probability for high-probability guarantees

Table 1: Recurring notation used throughout the paper.

B Algorithm Pseudocodes

In this section, we present the pseudocodes of the policy iteration algorithms for discounted-sum
games discussed in the main body: the classic policy iteration Pl (Algorithm 1) and the restart-
ing variant RePl (Algorithm 2). The second algorithm, Algorithm 2, is related in spirit to the
increasing-discount algorithm IncreasingDiscountPI2 of | ], but the crucial difference is that Al-
gorithm 2 has an explicit fallback after a fixed finite sequence of thresholds. This gives a uniform
deterministic bound on the running time, which is essential for our expected-runtime analysis.
Thus, although IncreasingDiscountPI2 yields a high-probability smoothed guarantee in [ ], the

14



533

534

535

536

algorithm does not achieve a polynomial expected-running-time guarantee based on our techniques.
Moreover, IncreasingDiscountPI2 warm-starts policy iteration from the policies computed at the pre-
vious discount factor, whereas Algorithm 2 restarts policy iteration from scratch at each threshold;
this difference, however, is not used in our analysis.

Algorithm 1 Policy Iteration: PI(G,~,r)

1: Input: Graph G = (Viuin, Vinax, F), discount factor v € [0, 1), reward vector r € RF.
2: Output: Optimal strategy pair (7%, , 75 .,) and value vector p?* for the game G"7'*.
3: Initialize an arbitrary positional strategy mmin € Ilnin for the Min Player.
4: loop
5: // Policy Evaluation Phase
6: Compute the value vector u € RY and Max Player’s best-response mmax € Ilmax satisfying:
p(v) = r(v, Tmin (v)) + Y(Tmin(v)) for all v € Vipin,
1(v) = max(y yep (r(v,v') +yu(v')) for all v € Viax.
// Policy Improvement Phase
Let I = {v € Vigin | 3(v,0’) € E such that r(v,v') + yu(v') < p(v)}.
if I = @ then
10: return (Tmin, Tmax, /)
11: end if
12: Update myin by switching the edge for all vertices v € I to minimize the value:

Tmin (V) — arg ming, ,\ep (r(v, ')+ 'y,u(v’)).
13: end loop

Algorithm 2 Restarting Policy Iteration: RePI(G,~,r)
1: Input: Graph G = (Vinin, Vinax, E) with n = |V| > 2, target discount factor v € [0,1), reward
vector r € R¥.

*

2: Output: Optimal strategy pair (7. , 7. ) and value vector p?* for the game G7'*.
3: Let kpax = [nlnn].

4: for k=0,1,..., knax do

5: Set the threshold discount factor v, = 1 — e™*.

6: if v <~ then

7: return PI(G,~,r)

8: else

9: // Phase 1: Solve at the threshold

10: (Tmins Tmax, fy, ) < PI(G, Yk, T)

11: // Phase 2: Optimality test for the target discount factor

12: Compute the value vector ju, € RY by evaluating (mmin, Tmax) under 7.
13: Let Iin = {v € Viin | 3(v,") € E such that r(v,v") + vy (v') < py(v)}.
14: Let Imax = {v € Vimax | 3(v,v') € E such that r(v,v') + yu,(v') > py(v)}.
15: if Iin = @ and [,,x = @ then

16: return (Tmin, Tmax; fby)

17: end if

18: end if

19: end for

20: // Phase 3: Fallback
21: return PI(G,~,r)
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C Proofs of Section 6

In this section, we provide the proofs omitted from Section 6, organized by the same ingredient
structure as the main body.

C.1 Ingredient 1: Value Decomposition and Lipschitz Continuity

Lemma 2 (Value decomposition under Blackwell optimality). Consider a game graph G with
reward vector r € RF. Let v € V be a vertex.
1. Decomposition: For all v € (ypy(r), 1), the discounted-sum value admits the following decom-
position, where wi(7y) is a rational function of y:
p"r (v)
v,r —
Pt () = 5
2. Magnitude and derivative: For all v € (Ypy(r), 1), the magnitude and the derivative of wj(7)
are bounded by:

+ wy(7)-

r d r
wi()] < dnlfelloeand - |(Zwh)()| < e

Proof. Let M = ||r||o and p £ p™PT(v). Since v € (Yhw(r), 1), we consider a Blackwell optimal
pair of positional strategies (7P%  7P% ) for G7*. Observe that the path from vertex v under the
strategy profile (wg"fn, 7% ) consists of a finite path of length ¢ < n and a recurrent cycle of length
¢ < n. Let r; denote the reward at step k. Note that the mean-payoff is the cycle’s average reward,
e, u= %Z;;(l) rt4+;. Therefore, we have |p| < M and Z;;(l)(rtﬂ — p) = 0. We now present the
two items of the proof.

Value decomposition. The value vector expands as follows:

t—1 t c—1
M’Yyr(v) — fr]f}/.] _|_ 1 - Z /"’t+]r‘y]
j=0 =0
t—1 ] ’)/t c—1 ’y ,LL
=D —m e D (e - “rqu”r Zv
=0 =0
t—1 t c—1 t t
j Y -~ Y
=Dy =17+ s Y — (=) (L )
= - v l-vy
t—1 c—1 i—1 4
i Z]'—o v t H
=) (i —wy + Z("l (= e
j=0 T\ 2z 1=7
2w (7)

where the first equality is due to decomposing the path into a transient path and a cycle, the second
equality rearranges the terms to separate the mean-payoff component, the third equality introduces
—1 into the cycle sum because Z‘;;é(rtﬂ — u) = 0, and the final equality factors out 1 — . We

define f;(vy) £ ZZ;S 7%, Then, we rewrite w=(7y) as:

t—1 c—l
wy () = Z(rj - — Ti45)7 f]( )
=0 j:l
S0y — WA fe(V) + 5y (= re )Y ()
B fe() '
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Therefore, wf(7y) is a rational function of v, which proves the first item of the statement. We now
bound its magnitude and derivative.
Magnitude bound. For magnitude, we get
t—1

v . fi(7)
|wv(7)| - ]Z(:) j +Z H‘] c(’Y)
— c—1
<Y Mw+§]u—mm¢ﬁf)
p= = fe(¥)
:O = f0)
c—1 ]
§2MZ1+2MZJ£J(7)
= — fe(7)

< A4Mn = 4n||r| s,

where the first inequality is due to the triangle inequality, the second inequality is due to the bounds
|7 — |l < 2M and |p — 74| < 2M, the third inequality is due to 47,~* <1 for all y € [0,1], the
fourth inequality is due to fj(y) < fo(v) for all j < ¢, and the final inequality is due to t,c¢ < n.

Derivative bound. For the derivative, we first compute %}2 Ej{g :
dﬁww:(ﬁﬁXﬂM)—h(Xﬁﬁww
dy fe(7) fe()?

@EHO K (%fc)(v) ’

I G A CY R X €Y
(&) | (@E L)

= w>‘+ ﬂﬁ)'

< 2n,

where the first equality is due to the quotient rule, the second equality is due to rearranging the
terms, the first inequality is due to the triangle inequality and the fact that |M’ < 1, and the

second inequality is due to (& f;)(7) = EIWMQLm“:%mm<@H¢%
nfe(v). Now, we bound the derivative of w *(7) as follows:

uﬁmMSijwﬂM$ﬂ+§i“”WuM“ﬁgﬂ
<2MZ‘—7 ‘—F Z‘d’y(fytfj 7) )‘

fc'Y
§2M2j+2MZ)i< e 1507) )‘
= v\ fe(v)
c—1
§Mn2+2MZSn
j=1

< M = Tn?||r||so,
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where the first inequality is due to the triangle inequality, the second inequality is due to |rj — u| <
2M and |p — ri45] < 2M, the third inequality is due to ‘%’yj‘ = jy971 < j for all y € [0,1], the

fourth inequality is due to t < n and % ?C 8; ‘ < 2n as shown above, and the final inequality is due
toc < n.
Hence all the desired items are proved and the result follows. ]

Lemma 3 (Lipschitz continuity). Let r € R¥ be any reward vector. For any edge a = (v,v') € E
where ™Y (v) = p™Pr ('), the map v — AV (v,v') is 18n2||r||eo-Lipschitz continuous over the
interval (Ypw(r),1).

Proof. By Lemma 2, for all 4 € [y, (r), 1), the value at vertices v,v" € V' decomposes as:

o) )
P ) = ———=+wy(y), and p""@) ="———"+wy(v),
-7~ 11—~
where wy(y) and w},(y) are rational functions of v with bounded magnitude and derivative as
stated in Lemma 2.
Substituting this decomposition into the suboptimality gap yields:

AV (v,0") = r(v,v) + ’)’(/ﬁllpj(;/) + wf/('Y)) . <NTP_’r$})

r

=1(v, ) — " (V) + ywy (v) — wi (),
where the first equality is due to substituting the value decomposition, and the second equality is
mp,r
due to the assumption that p™*(v) = p™P*(v'). Notice that the singular term H—— ) exactly
cancels out. To bound the Lipschitz constant over [yhy(r),1), we evaluate the derivative with
respect to :

+ wh(y))

;{ymr@,v/) — wt(7) + v(dciwi/)(’v) (L)),

Therefore, we obtain:

d d d
A'y,r / < r/ r[ r
L8 (0,0)| < b )]+ w0 + et o)
< An||r||oo + TR3|T]l0o + TR2|T]l0o < 1877 |1]|so

where the first inequality is due to the triangle inequality and the fact that v < 1, and the second
inequality is due to the bounds on the magnitude and derivative of w}(vy) and w, () as stated in
Lemma 2. Hence, the map v — A7"(v,v’) is Lipschitz continuous over [yhy(r), 1) with Lipschitz
constant 18n2(|r| - O

We conclude by showing that under the smoothed model, with probability one, every vertex has
a unique outgoing edge with zero suboptimality gap (Proposition 12), which yields the uniqueness of
the Blackwell optimal strategy pair (Corollary 13). These results use standard ideas from smoothed
analysis. The following arguments exploit the bounded density of the noise by conditioning on all
but one coordinate at a time, which calls for notation that isolates a single edge.

Single-edge decomposition. To analyze the effect of perturbing a single edge, we decompose
the reward and noise vectors along any edge a € E. We write

r= (r(a);r_a) and §= (fa?f—a)a
where r_, € REMa} is the vector of rewards for all edges except a, defined by r_q(v,v") = r(v, ')

for all (v,v') € E\ {a}, and £_, is defined analogously. For any fixed r_, € RPMa} we write Pg,_[]
for the probability measure over the single noise coordinate &,.
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Proposition 12 (Optimality uniqueness). Under the smoothed model, we have
Pe[Vo € V, 3la= (v,v') € E such that p™™* (v) = p"P"(v') and AT (a) = 0] =

In words, with probability 1, for each vertex v € V, there exists a unique outgoing edge a = (v,v")
such that p"™P* (v) = ™ (v') and A (a) = 0.

Proof. We separately establish (i) existence, i.e., for every vertex v € V at least one such edge
exists deterministically; and (ii) uniqueness, i.e., with probability 1 no two distinct outgoing edges
from v both satisfy the conditions. A union bound over the finite vertex set V' completes the proof.

Ezistence. Let r € RE be any reward vector and (w2, 72% ) be a Blackwell optimal strategy

pair. Fix a vertex v € V and let a = (v,v’) € E be the edge selected at v by this strategy pair.
Note that the path from v under the strategy profile (7P%  7P% ) consists of a finite path of length
t < n and a recurrent cycle of length ¢ < n. The analogous path from v’ contains the same cycle.
Since the mean-payoff is the average reward of the cycle and Blackwell optimal strategies are also
mean-payoff optimal [ ], we have pu™P*(v) = pu™Pr(v'). Moreover, since a is an optimal action,
we have AY*(a) = 0 for all ¥ € (Ypw(r),1). By Lemma 3, the limit extends to A (a) = 0, which
yields the existence.

Uniqueness. Fix a vertex v € V with at least two outgoing edges, otherwise uniqueness holds. Let
a1 = (v,v1) and ag = (v, v2) be any two distinct outgoing edges from v. We define the event £ that
both a; and asy satisfy the conditions:

£2 {reRF: ™ (v) = u™T(01) = P (vg), AN (ar) = 0, A (az) = 0},

where the mean-payoff equality at v is included so that A (ag) is well-defined. We show that
P¢[£] = 0, which implies that with probability 1 at most one outgoing edge from v satisfies the
conditions. Since a1 # a9, a Blackwell optimal strategy must differ from at least one of a; or ay at
vertex v. Therefore, we decompose £ C & U &y, where

S2&En{re RE : 3 (D% 7P¥ ) Blackwell optimal for r with 7TbW (v) #v1},

mlIl ? maX

&EEENn{re RE . 3 (xDY ) Blackwell optimal for r with 7°%(v) # v2 },

mln? 7rmax

and 7% (v) £ 7Y (v) if v € Vigin and 7PV (v) £ 7Y (v) if v € Vigax. We show that P¢[&] = 0.
The bound P¢[£5] = 0 follows by the symmetric argument with the roles of a; and ay swapped.
Consider any fixed r_,, € REMa1} | We analyze the event & with respect to the random variable
r 2 r(a;). Formally, we prove P¢, [€1] = 0. Let p?~o1 denote the optimal value vector of
the restricted game played on the edge set E \ {a;}. Since this restricted game is completely
independent of a;, its value vector p7*~1 is a function depending only on r_,,. Indeed, for any
x € Rsuch that r = (z,r_,,) € &1, there exists a Blackwell optimal strategy pair (2% , 2% ) where

bW(y) # v1. Since the edge (v, 7"V (v)) € E\ {a1}, removing a; does not change the optimal value
at vertex v. Consequently, the value vectors of the full game and the restricted game are equal,
ie., ¥t = p¥r-a1 for all ¥ € (Ypw(r),1). This equality also implies p™P*-a1 (v) = p™P*-a1(vy) by
Eq. (2). Under the event &, taking the limit of suboptimality gap evaluates to:

Al,r‘(al) = x4+ h/?il (,YM'Y,I‘fal (Ul) — /411'771‘7111 (’U))
Y

Let C(r_g, ) denote the limit term. By Lemma 3 applied to the restricted game, C(r_,, ) exists and is
finite. Since C(r_,,) is fixed with respect to x, the condition A" (a1) = 0 requires z+C(r_,,) = 0,
or equivalently, x = —C(r_,,). Let A(£1) denote the Lebesgue measure of the set of x values
satisfying this condition. Note that A(€;) = 0. Since the probability density of z is uniformly
bounded by ¢, we have P¢, [€1] = 0. Taking the expectation over the independent randomness in
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&_q, gives
Pelér] = E [Pg,, [1] = 0.

—ay
The symmetric argument applied to ag gives P¢[£s] = 0, so a union bound yields P¢[€] < P¢[&1] +
P¢[€2] = 0. A further union bound over the finitely many pairs of distinct outgoing edges at every
vertex v € V completes the proof. O

Corollary 13 (Uniqueness of Blackwell optimal strategies). Under the smoothed model, we have

Pe [ (wby b

min> max)

€ Inin X nax that is Blackwell optimal for r] =1.

In words, with probability 1, there exists a unique Blackwell optimal strategy pair.

Proof. Existence is guaranteed deterministically by the classical Blackwell optimality result | ,
|. It remains to establish uniqueness with probability 1. By Proposition 12, the event

E&]{re RE :Vv eV, 3a*(v) = (v,0) € E s.t. f®PF(v) = p™PF(v') and AV (a*(v)) = 0}

satisfies P¢[£] = 1. We show that on £, the Blackwell optimal strategy pair is unique.

Fix r € € and let (72 7% ) be any Blackwell optimal strategy pair for r. For any vertex

v eV, let a=(v,m°%(v)) € E be the edge selected at v by this pair, where 7°%(v) £ 7P¥ (v) if
v € Vipin and 7% (v) £ 72%_(v) if v € Vipax. Since Blackwell optimal strategies are also mean-payoff
optimal | ], we have p™P¥(v) = pu™P* (7% (v)). Moreover, since Blackwell optimal strategies

are optimal in discounted-sum games for all v € (pw(r), 1), we have AV (a) = 0 for such ~, and
by Lemma 3, taking the limit yields A’ (a) = 0. Since r € &, the unique edge satisfying these
conditions at v is a*(v), so a = a*(v). Since this holds for every v € V, both 7% and 72%  are
uniquely determined, which completes the proof. O

Lemma 14 (Unique optimal strategies at fixed thresholds). Let I' C [0,1) be any finite set of
discount factors. Under the smoothed model, with probability 1, for every «y € T with v > ~py(r), the
discounted-sum game GV'* has a unique optimal strategy pair, and this pair is the unique Blackwell
optimal strategy pair for r.

Proof. Fix a discount factor v € [0,1). We first show that, with probability 1, the game G7* has
a unique optimal strategy pair. It is enough to show that, with probability 1, no vertex has two
distinct outgoing edges that both satisfy the discounted Bellman equality AY"(a) = 0. Indeed, by
the Bellman optimality equations, at every vertex at least one outgoing edge satisfies this equality,
and if exactly one such edge exists at every vertex, then both players’ optimal positional strategies
are uniquely determined.

Fix a vertex v with two distinct outgoing edges a1 = (v,v1) and ag = (v,v2), and consider the
event

E&{re RE : A7 (a1) = 0 and AV"(ag) = 0}.
We prove that P¢[£] = 0. Condition on all rewards except ay, writing © =r(a;) and r = (z;1_g,).
On the event &, the edge as is also optimal at v; hence there exists an optimal strategy pair for
G7T whose strategy at v selects as and therefore does not use a;. Removing a; from the game
does not change the value vector at discount v: if v € Vipin, Min still has an optimal strategy that
avoids a1, while removing a Min edge can only increase the value; if v € Viax, Max still has an
optimal strategy that avoids a;, while removing a Max edge can only decrease the value. Thus
urt = prr-e on £, where pu?"-*1 denotes the value vector of the game with edge a1 removed.
Consequently, on &,
0=A"(a1) =& +yp"" = (vr) — p" o1 (v).
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For the fixed conditioned vector r_,,, the last two terms are independent of z, so this equality
can hold for at most one value of x. Since the conditional density of = r(a;) is bounded, the
conditional probability of £ is zero. Integrating over r_,, gives P¢[£] = 0. A union bound over all
vertices and all pairs of distinct outgoing edges shows that G7* has a unique optimal strategy pair
with probability 1.

Since I' is finite, another union bound implies that, with probability 1, every game G7* with
~v € I' has a unique optimal strategy pair. Intersect this event with the probability-one event of
Corollary 13. On the intersection, if v € I" and 7 > 71, (r), then the unique Blackwell optimal pair
is optimal for G7°* by the definition of the Blackwell threshold. Since the discounted optimal pair
at v is unique, it must coincide with the unique Blackwell optimal pair. O

C.2 Ingredient 2: Suboptimality Gap Separation

Lemma 4 (Suboptimality separation). Let G be any game graph and let a = (v,v") € E be any
fized edge. Under the smoothed model, for any § > 0, we have

Pe [p™P* (v) = ™" (v') and 0 < ‘Al’r(a)| < 8] < 25¢.

Proof. If a is the only outgoing edge from v, it must be selected by any valid strategy. Thus,
Abr(a) = 0 whenever well-defined, and the event has probability 0. Assume a is not the only
outgoing edge from v. Consider any fixed r_, € RE\Ma} We bound the probability of the event

£ {r(a) eR: ™" (v) = p™P"(v') and 0 < |A1’r(a)‘ <6}

Formally, we prove P¢, [£] < 20¢.

Let 7"~ denote the optimal value vector of the restricted game played on the edge set E'\ {a}.
Since this restricted game is completely independent of edge a, its value vector 7'~ is a function
depending only on r_,. For any x € £, let r = (x,r_,). Then, we have A" (a) # 0. This implies
that the edge a is strictly suboptimal under the Blackwell optimal strategies. Consequently, for ~y
sufficiently close to 1, the optimal strategy does not select a, meaning the value vectors of the full
game and the restricted game exactly match: p?* = p¥*-e. Taking the limit v 1 1 of (1 — )u"
and applying Eq. (2) gives p™P*e(u) = p™P"(u) for all w € V. In particular, the assumption
pmPT (v) = pmPr (') implies pMP e (v) = pmPTe (V).

Under this condition, the limit of the suboptimality gap evaluates to:

AT (a) =z + li%l (wﬂ’r*“(v') — ;ﬂ’r*“(v)).
¥

Let C(r—_g) denote the limit term. Applying the value decomposition (Lemma 2) to the restricted
1

game and using p™P*-e(v) = p™Pr-a(v’), the singular 17— terms cancel, so C(r_,) exists and is
finite. Since C(r_,) is fixed with respect to z, the condition 0 < |+ C(r_,)| < 8 requires the value
of z to fall strictly within the interval (—C(r_q) — 8§, —C(r—q) 4+ ). Let A(€) denote the Lebesgue
measure of the set of x values satisfying this condition. Note that A(€) < 24. Since the probability
density of z is uniformly bounded by ¢, the probability of the event satisfies P, [£] < 20¢. Taking
expectation over the independent randomness in £_, gives

Pelé] = E [Pe.[€]] < 209,

—a

which completes the proof. O
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C.3 Ingredient 3: Mean-payoff Value Separation

Lemma 5 (Mean-payoff separation). Let G be any game graph and let v,v' € V. Under the
smoothed model, for any B > 0, we have

P, [o < |umPr () — e ()] < B] < 2Bmné.

To prove the above result, we first define some useful notation. We then establish a reachability
separation lemma, which is a deterministic statement about the structure of Blackwell optimal
strategies. Finally, we use this lemma to prove the mean-payoff value separation result.

Cycles. Let C denote the set of simple directed cycles of G. For a cycle C' € C, let E(C) and V(C)
be its edge set and vertex set, and write

L1
a‘Vgr(C) - ’E(C)’ ae%(zc) r(a).

Reachable vertices and edges. For a strategy mmin € IImin of the Min Player, let V. (v) be the
set of vertices reachable from v after fixing Min to my;, and leaving all Max edges available. Let
E. .. (v) be the set of edges reachable from v in this one-player game, i.e.,

E. . (v) = {(v',v") ceE:v eV, (v)N Vmax} U {(’Ul,ﬂ'mm(vl)) v e Ve ()N Vmin}.
Symmetrically, for a strategy mmax € IInax of the Max Player, let V. . (v) be the set of vertices
reachable from v after fixing Max to mmax and leaving all Min edges available, and let

Er s (v) = {(’U,,U”) €eE:v e Vﬂ'rnax(v) N Vmin} U {(U/a 7Tmax(v/)) NS Vﬂ'max(v) N Vmax}-

For a strategy Tmin € Ilmin, the cycles C € C with E(C) C E,_. (v) are exactly the simple directed
cycles reachable from v after fixing mpin, and likewise for mpax € Hinax.

Lemma 15 (Reachability separation). Let r € RE let (n2%  7b% ) be a Blackwell optimal strategy
pair, and let v,v' € V.. The cycle C¥ is the recurrent cycle reached from v under (Trgl“{n, T ).
1. If p™Pr(v) > p™Pr(v'), then

E(CHNE w (V) =2,
2. If Wm™Pr (v) < pPr(v'), then
E(Cy)NEpm (V) =2.

bw xbw ) is Blackwell optimal, it is also mean-payoff optimal | .

min’ Tmax

Therefore, ngi"n is an optimal min strategy and 72V _ an optimal max strategy for the game G™PT,
Suppose E(C5) N E vy (V') # @. Then, there exists a vertex v € C; N Vv (V). Since C} follows
7PY at every Min vertex, traversing it from u gives E(CT) C E_uw (v'), so some Max strategy mmax

makes p(v/, T2V Tmax) reach CF and cycle it forever, giving u™P* (p(v/, 72 | Tmax)) = ave, (CT).

As Wg‘fn is an optimal min strategy, this payoff is at most p™P*(v’), and therefore
pPE (v) = avg, (CF) < pMPT (),
contradicting g™ (v) > p™P*(v'). Hence E(Ch) N E vy (V') = 2.

The proof of the second statement is symmetric. Suppose E(Cy) N Eqbw (v') # . Then, there
bw >

max

Proof. Since the pair (7

exists a vertex u € Cy N Vopw (v'). Since C follows mp, at every Max vertex, traversing it from u

reach C} and cycle it

gives E(Cy) C E pw (v'), so some Min strategy mmin makes p(v', Tmin, v )

forever, giving u™P* (p(v', Tmin, 7o) = avg, (CF). As 2% is an optimal max strategy, this payoff
is at least p™P*(v'), and therefore
P (0) = ave, (Cy) = pmr(v'),

contradicting p™P*(v) < pP*(v'). Hence E(CY) N Eqpw (V) = 2. O
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Proof of Lemma 5. If v =/, the event is empty; assume v # v'. Let

Epw = {r e RE : 3 (abY  nbW

min> max)

€ Inin X Inax that is Blackwell optimal for r}.
By Corollary 13, P¢[Ey] = 1, so it suffices to bound the two bad events
Bt £ &y N {r: 0 < p™*(v) — p™* (V') < B},
T2 &wN{r:0 < ") — p"P"(v) < B}.

We bound P¢[B]; the bound on P¢[B~] is identical after exchanging v and v'.
Given an edge a € E and rewards r_,, when (z;r_,) € &by let TrEI"iVn be its Blackwell optimal

Min strategy and C’z(,x;r_“) the recurrent cycle reached from v, and define the slice

SH(r_a) 2 {z €R: (1;7_0) € Epw, 0 < p™P@T=0) ()P (=T=a) (/) < B, a € BE(CS™=)), a ¢ E,

For rewards r € BT, let C¥ be the recurrent cycle reached from v under its unique Blackwell optimal
pair. Therefore, we have avg.(C}) = p™"(v). By Lemma 15, for all edges a € E(CY), we have
a ¢ E v (V). Thus, r(a) € S (r_,). Consequently, we have

BT C U {r:r(a) € S (r-q)}.

acE

Moreover, we show that ™ (#*~a)(¢/) is constant on S (r_,). For a fixed Min strategy mmin, every
play from v’ is a lasso whose recurrent cycle C satisfies E(C) C E,_. (v'), and the Max Player can
reach and repeat any such cycle; hence the largest payoff the Max Player secures from v’ against
Tmin 18 max{avg ., (C):C €C, E(C) C Ex,, (v')}. Since the mean-payoff value is the min-max
of the payoff,

min

mp,(x;r—q) () — . C
I (v) . min max - avgy_,)(C)-
E(C)CEr ., (V')

For z € S (r_,), the Blackwell optimal ngvivn is an optimal min strategy, so it attains this minimum,
and it satisfies a ¢ E_uw (v'); hence the minimum is attained among the strategies with a ¢
E. . (V): o

(P (@r—a) (1) = . min max avg(zir_,)(C)-

a@ By, (01) E(C)CER ;. (V')

Every cycle on the right-hand side avoids a, so its average does not involve z = r(a); hence
pP(#r—a) (1) is a constant a depending only on r_, for all z € St (r_,). Let f(z) £ P @r—a) (y).
The function f is continuous, piecewise affine, nondecreasing, and absolutely continuous because it
is the min-max over finitely many positional strategy pairs, and for each such pair the recurrent-
cycle mean is an affine function of & with slope 0 or 1/c for some ¢ < n. Let

D= U {l’ cR: an(:c;r,a)(C) = an(a:;r,a)(C/)}a
c,c'ecC
avg(y )(C)ZFavg ., )(C')

which is finite and, since each affine piece of f coincides with avg(x;r_a)(C ) for some C' € C, contains
every breakpoint of f. Fix a connected component J of R\ D with J N S} (r_,) # &. Because
every breakpoint of f belongs to D, the restriction of f to J consists of a single affine piece. Hence
there exists a cycle C' € C such that

flz) = avg(x;r_a)(é’\) for every x € J.

Choose g € J NS (r_,) and let
Co 2 C{woir—a),
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By the definition of S (r_,), we have (zg;r_q) € &by and a € E(Cp). The Blackwell optimal
strategy pair at (zo;r_,) induces the recurrent cycle Cy from v, and therefore
f(ZC()) = an(mo;r,a)(CO) = an(a:O;r,a)(C)'

If the two affine functions avg .. )(Cp) and avg(,;ria)(é) were not identical, their equality at zq
would imply xg € D by the definition of D, contradicting xg € J C R\ D. Consequently, these
affine functions are identical, and hence

f(@) = avg e, (Co) for every x € J.
The recurrent cycle Cy is simple, contains a, and has at most n edges. Thus, the variable reward
x = r(a) occurs exactly once in the sum defining its cycle average, and therefore

/ o 1 L
P = 15y = n

Every x € S (r_,) \ D lies in such a component, so f'(x) > 1/n for almost every x € S} (r_,).
Since p™P(@T-a) (/) = o on S (r_,), we have Si(r_s) C f~*((a, @ + B)). Therefore, since f is
nondecreasing and absolutely continuous, we have

ST (r_a)) < n/ f(z)dz < n/ f'(z)dx < nB,

Sa(r—a) = ((eva+B))

for all z € J.

where A(-) denotes the Lebesgue measure.
Conditioning on r_,, the reward r(a) = rg(a) + &, has density at most ¢ and is independent of
r'_g, SO

Pe[BY] <> Pefr(a) € ST(ro)] <D ¢ IE A(ST(r=0))] < mnB.
aclk acE
The identical argument gives P¢[B~] < mnB¢, and therefore

Pe [0 < [P (v) — P ()] < B} < Pe[BY] + Pe[B7] < 2mnBé.

D Proofs of Section 7

In this section, we provide the proofs omitted from Section 7, organized by the same structure as
the main body.

D.1 Tail Bound

Lemma 6 (Tail bound). Let G be any game graph. Under the smoothed model, for any x > 1,
with the bounding function defined as M(z) £ 1+ §In(ma), we have
KM(x
Pe[(r) > 1 - 1] < XD,

Proof For any M > 1, B > 0, and § > 0, define the events

E(M) &2 {reRP : |r||o < M},
E(B) £ {r e RE ¢ |p™T (v) — p™* (V)] € {0} U [B, 00) for all (v,0') € E},
E(6) £ {re RE . ‘Al - ‘ {0} U [0, 00) for all a = (v,v") € E with p™"(v) = ump’r(v')},
54 £{re RE : Vv eV, 3la = (v,0') € E such that ™" (v) = ™P*(v') and ALT(a) = =0}.
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Let L £ 18n*M. Conditioned on & (M) N E(B) N E3(8) N Ex, we show that Y (r) < max(0,1 —
26L7 1— 10nM) = max(0,1 — 367"?2M’ 1 - 105M)'

Indeed, consider r € & (M)NE(B)NE3(0)NEy. Since r € E4, by Proposition 12, for each vertex
v € V there exists a unique edge a*(v) = (v,v') € E with p™P¥(v) = p™P*(v') and ALF(a*(v)) = 0.
Therefore, by Corollary 13, there exists a unique Blackwell optimal strategy pair (Trg"i"n, TrEf;X), which
selects a*(v) at each vertex v € V.

By Lemma 3 and Lemma 2, since r € & (M), the L-Lipschitz bound on the suboptimality

gap and the value decomposition both hold on (7py(r),1). We argue by contradiction: suppose

Yow(r) > max (1 — 2‘5L, 1— 15257). Then for any v € (Ypw(r), 1), L =7 < 1— (1) < min(%, oo )-
We bound |A7*(a)| for any non-optimal edge a = (v,v’) # a*(v) on (ybw(r), 1), splitting into two
cases.

Case p™P"(v) = p™Pr(v'). Since r € £3(d) and a is non-
[AT ()| > [AM(a)| - |AY"(a) — AV (a)|

*(a)| > 4. Then:

25—L(1—7)>g>0,

where the first inequality is the triangle inequality, the second combines ‘Al’r(a)‘ > with the
L-Lipschitz bound on (7Vpy(r), 1), and the strict third inequality uses 1 — vy < o
Case p™P*(v) # p™P*(v'). Since r € &(B), |p™P*(v') — p™P*(v)| > B. Substituting the value
decomposition from Lemma 2 into the suboptlmahty gap yields
mp,r(,,/\ __ ,,mp,r
A’Y,r(a) — r(v, U/) o Iump,r(v/) 4 H (Ul) K (U)
-7
Applying the reverse triangle inequality to isolate the singular term:
mp,r __,,mp,r
A > W) — )

+ ywy (7) — wy(7)-

= [r(v,0") = p™PE ) + i () = wh(7)]

1—x
B
27—(2M—|—4nM+4nM)
11—~
B
217—10711\4>0

where the first inequality is the reverse triangle inequality together with ’ump’r(v’ )— ,ump’r(v)} > B,
the second uses |r(v,v’)] < M and |[p™P" (V)| < M (from & (M)) together with |w} ()], [wk, (v)] <
4nM from Lemma 2, the third uses n > 1, and the final strict inequality uses 1 — v < ﬁ.

Combining the two cases, | A7 (a)| > 0 for every non-optimal edge a and every v € (ypw(r), 1).
By definition of Blackwell optimality, on (Y (r), 1) the pair (7P%  7P% ) is optimal, so for non-
optimal edges a outgoing from v, the sign of A7 (a) is positive if v € Vi, and negative if v € Vijax.
Since A7"(a) is continuous in v on [0,1) and its magnitude stays strictly positive throughout
(Ypw(r), 1), continuity extends the strictly positive magnitude and the consistent sign to a left-
neighborhood (Ypw(r) — 1, Ybw(r)] for some 1 > 0 uniform over the finite edge set. On this neigh-
borhood, a*(v) is the unique edge at v achieving AV (a*(v)) = 0, so the pair (72%  7P% ) remains

optimal on (Ypy (r) —n,1). This contradicts the definition of Yy (r) as the infimum of valid thresh-

olds. Therefore, Yy (r) < max(l - 36n52M, 1— me).
For a given z > 1, we substitute the designated M(z) = 1 + §In(ma), §(z) £ w, and

M é B . . .
B(z) & M]nT(m) , 36n2(13\64)(w) = 1On](\i[62x) = %, which implies ’wa( ) < max(0,1 — l)

Under the event & (M (x)) NEA(B(x)) NE3(6(x)) NEs, we have Yy (r) < 1— 2. Therefore, the event
Yow(r) > 1 — % is upper bounded:

Pe [y (r) > 1 — 1] < P [E(M(2))] + Pe [E2(B(x))] + Pe [E3(6(x))] + Pe [E4].

. By definition
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For P¢[£1(M (z))], we have
Pe [E1(M (z))] < mexp(—0(M(z) — 1))
= mexp(—&%ln(mx}) = %,

where the first inequality is due to Eq. (1) and a union bound over the m edges, and the first
equality is due to the definition of M (z). For P¢[E5(B(z))], we have
P¢[E2(B(2))] < 2B(z)m*n¢
5 10nM (z) 20m2n2¢M (z)

=2m°n ¢ = )
T T

where the first inequality is due to Lemma 5 and a union bound over the m edges, and the first
equality is due to the definition of B(x). For P¢ [?3(6 (ac))], we have
P¢[E5(6())] < 2md(z)¢
36n°M(z) ,  72mn?¢M (z)

=2m ,
x x

where the first inequality is due to Lemma 4 and a union bound over the m edges, and the first
equality is due to the definition of d(z). We also have P¢[€4] = 0 by Proposition 12. Therefore, we
obtain
1 20m2n2pM(z)  T72mn?¢M (x)
-+ +
x x x
1+ 4mn?(5m + 18)p M ()
x

2,2

< 1+ 92m*n*¢M (z) - KM (x)

= — I

T T

Pe [ypw(r) > 1—1] <

where the second inequality uses 5m + 18 < 23m (which holds since m > 1), and the last inequality
uses 1 < 92m2n?M (z) (which holds since M(x) > 1 for # > 1 and m,n > 1) and the definition of
K in Eq. (3). This completes the proof. O

D.2 Restarting Policy Iteration

Lemma 7 (Total iteration bound). Let G be any game graph with n > 2, let v € [0,1), and let
r € RE. Write Ny (r) for the total number of iterations executed by RePI(G,v,r) (Algorithm 2),
summed over all calls to Pl. Then Nier(r) < ([nlnn| +2)n™ for every r, and, under the smoothed
model, with probability 1,

m 1 ( e-n )
L 7plr) = yplr)/)”

Proof. Let kmax = [nlnn] and let kgpa € {0,1,...,kmax} denote the index of the last iter-
ation of the for-loop executed by RePl. The algorithm performs Pl at threshold ~; for each
k€ {0,1,..., kfnal} (or at the target v when v < . ), and optionally one fallback PI(G,~,r)

Niter(r) <27-

in Phase 3. By Proposition 1, each Pl call at threshold v, = 1 — e * executes at most
1§T:k hl( 1ﬁyk) = 6meF(Inn + k) iterations, and is also trivially bounded by n™ because the number
of iterations is upper bounded by the number of positional strategies. Therefore, we have
kﬁnal
Niter(r) < Z min (6m e*(Inn + k), n") +n" - 1{Phase 3 triggered}.
k=0
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Deterministic bound. Bounding every term in the sum by n” and using that there are at most
kmax + 1 terms plus at most one fallback gives Niter(r) < ([nlnn] 4+ 2)n™ for every r.

Smoothed geometric bound. Let Iy, 2y :k=0,1,..., knax} be the finite set of thresholds used
by the algorithm. By Lemma 14, with probability 1, for every 7, € T'ap with 75 > Ypw(r), the
game G7%' has a unique optimal strategy pair, and this pair is Blackwell optimal. Condition on
this probability-one event. We bound the total in terms of yy, (r), splitting into two cases according
to whether the Blackwell threshold is resolved within the for-loop. In each case we establish the

two bounds

62

kfina1+1 en
e < m and Inn + kgpa < ln(m>. (4)
Case 1: Vpw(r) < Vi, Since yo = 0, there exists i € {0,1, ..., kpax— 1} with v; < Ypw(r) < Yig1.
Because 7i+1 > Ypw(r), the conditioned event implies that the unique optimal pair of G7i+1'T is
Blackwell optimal, so PI(G,~;4+1,r) returns a Blackwell optimal pair; being Blackwell optimal, it
is optimal for every 7' € [yw(r),1). Hence, if iteration k = i + 1 reaches Phase 2 (that is, if
v > vi+1), the returned pair is optimal for the target v and Phase 2 succeeds; otherwise v < 7,41
and the algorithm has already returned PI(G,~,r) at some iteration k& < ¢ + 1. Either way the
algorithm terminates without triggering Phase 3, so kgna < @+ 1 and the Phase 3 term vanishes.
From 1 —7; = €% > 1 — 41, (r) we obtain e’ < 1/(1 — Yy (r)), hence

2
Kfnal+1 i+2 €
e << — and kfnag <Iné———— +1,
1- ’7bw(r) * 11— ’be(r)
which gives Eq. (4) since Inn + kgpa < Inn + In m +1= ln(en/(l — 'ybw(r))).

Case 2: Yow(r) > Yrpan- Here 1/(1 =y (1)) > eFmex > n™ and the algorithm may run all kpay +1
for-loop iterations plus a Phase 3 fallback, so kgnal = kmax. Hence
2
knatl _ . okmax < € < ° d  Kpnal = Fmax < 1
e e-e S1C wa(r) S1C ’be(I‘) aln final max >

which gives Eq. (4) since Inn + kfpa < Inn +In #w(r) < In(en/(1 — ypw(r))).

We now bound the for-loop contribution using Eq. (4):

n——m,
1- "wa<1')

kﬁnal kﬁnal

Z 6me*(Inn + k) < 6m (Inn + kana) Z e

k=0 k=0
eFfinal+1

< 6m (Inn + kfpar) - c_1

6e? m en
S : hl( ) )
e—1 1 —pw(r) 1 — Ypw(r)
where the first inequality uses Inn + k < Inn + kfna for every k < kgnal, the second sums the
geometric series Zﬁ‘:&‘l ek < etimatl /(e — 1), and the third substitutes both bounds of Eq. (4). It
remains to account for the Phase 3 fallback. In Case 1 this term vanishes; in Case 2 it contributes

at most

n" < 1 < m ln( o )

T L= w(r) T L= w(r) N = () /]
using m > 1 and In(en) > 1. Adding the two contributions yields
6e? m en m en
+ ) ln< >§27- ln( )

e—1 1- wa(r) 1- 'wa(r) 1- 'wa(r) 1- 'wa(r)
which is the second bound. As it was derived on the probability-one event from Lemma 14, this
bound holds with probability 1. O

Niter(r) < <
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D.3 High Probability Guarantees

Lemma 16. Let G be any game graph. Under the smoothed model, for any € € (0,1), define

2mK 2K L,
Leée—i—ln(l—l—mi) and x & /=,
€d €d

With probability at least 1 — e over the perturbation r, Algorithm 2 executes Pl for a total of at most
27TmxeIn(en x.) iterations. In particular, x. is polynomial in n,m,$,1/0, and 1/e.

Proof. Since L > 6, K > 1, m > 1, and € € (0,1), we have z > % > 2.
We claim that py(r) < 1 — 1/z, with probability at least 1 — e. Indeed, applying Lemma 6
with x = x, yields

KM (z,) €
Pr [ 1- 1] <2 ( In(mz, )
¢ [Yow(r) > we] s 5L, 0 + In(mz) ),
where the equality uses the definitions of M (x) and z.. By the definition of L.,

2mK
€

mK
€

ln(mxe):1n< )+lnL6§ln<1+2 )—I—L€=2LE—9,

where the inequality uses In L, < L.. Consequently,

KM(z.) €
——— < —(0+2L—0) =
Te 2L€( +2Le—0)=¢
which yields Yhw(r) < 1—1/z, with probability at least 1 —e. As the geometric bound of Lemma 7
holds with probability 1, its intersection with this event still has probability at least 1 — ¢; assume
both hold for the rest of the proof.

The map y — yIn(eny) is increasing on y > 1. Therefore, we have

1 en
In < z.In(en x).
T @ M) < e lnlened)
Lemma 7 then yields Nier(r) < 27mx In(en z.). O

D.4 Expected Runtime Guarantees

Lemma 9 (Bounding expected truncated inverse gap). Let G be any game graph with n > 2. Let

K be defined in Eq. (3). Under the smoothed model, we have

6(60+1)
0

Proof. Let zy be the unique real number satisfying o > 1 and zglnzy = n™. We compute the

expectation of Y (r) by integrating the tail probability and applying the substitution y = xInz,
where dy = (1 + Inz)dx:

Ee[Y(r)] < K(nlnm)3.

n

E¢[Y(r)] :/On Pe[Y(r) > y] dy
= /1930 Pe [ybw(r) > 1= 2] (1 + Inz) dx
S/61.(1+lnx)dx+/IO]P’£[fybw(r) >1-21](1+nz)de
1 e

o
= e+/ Pe [Ybw(r) > 1= 2](1 + Inz) dz.
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KM(z)

For the second integral, we substitute the bound P¢[y,y(r) > 1 — 1] < established in

x
Lemma 6, which applies on [e, x| since x > e > 1:

[ Bebrate) > 1 101 oy < i [ M)

We apply the substitution v = Inz, meaning dz/x = du. The integration limits shift to u €
[1,Inx]. Since g < n", the upper limit is strictly bounded by nlnn. This yields:

/mO wclx S /nlnnM(eu)(l +’LL) du
e 1

dx.
T

X
nlnn
§M< nlnn)/ (1+u)d

nlnn

+

(1 lnm—l—nlnn

I\D\H N

1+ (nlnn) —|—nlnn)

1+
0+1

)
( lnm—l—nlnn>
et

( 1nm+nlnn

(lnm +nlnn)=(nlnn)?

w\wl\b\w

2nlnmg(nlnm)

30+1)

0
where the first equality follows from M(e%) = 1 + BZE4: the inequality 3(nlnn)? + nlnn <
3(nlnn)? uses nlnn < (nlnn)? (which holds for all n 2 1, since nlnn 2 0); the bound 1 +
lnminlnn < 881 (Inm + nlnn) uses 1 < Inm + nlnn (which holds for n > 2); the bounds Inm +
nlnn < 2nlnm and (nInn)? < (nlnm)? both use m > n.

Substituting this bound back into Eq. (5) yields E¢[Y (r)] < e+ K@(n Inm)3. Finally, since
M >1and nlnm > 2In2 > 1 (as m > n > 2), we have @(nlnm) > 3(nlnm)3 > 3 > ¢;

since K > 1, this gives e < K="~ (9+1) (nlnm)3, and hence E¢[Y (r)] < 2K =5~ (OH) (n1nm)3, completing
the proof. 0

(nlnm)3,

Lemma 17. Let G be any game graph with n > 2. Under the smoothed model, the expected total
number of iterations in all the Pl’s executed by Algorithm 2 is bounded by

1
324mlnn K3(96+)(n Inm)3,
where K is defined in Eq. (3). In particular, this bound is polynomial in n,m, ¢, and 1/6.

Proof. Write £ 1/(1 — Yy (r)) > 1, and recall the truncated inverse gap Y (r) = min(zInz, n").
By Lemma 7, with probability 1 we have

Niter(r) < min<27mxln(6n z), ([nlnn] +2) n”)

We claim that
Niter(r) < 27m((Inn +2) Y (r) + e(Inn + 1)). (6)
Indeed, we prove this by splitting into two cases according to the truncation.
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Case 1: zlnx < n". Here Y(r) = zlnx, and we bound the minimum by its first term:
Niter(r) < 27mazIn(en x)
=27Tm(zlnz + (Inn+ 1)z)
<2Tm(Y(r)+ (Inn+ 1)(Y(r) +¢))
=27Tm((lnn+2)Y(r) + e(lnn + 1)),
where the first equality uses In(enx) = Inz +1Inn+ 1, and the second inequality uses zlnz = Y (r)
together with x < zlnz +e=Y(r) + ¢, valid for all x > 1.

Case 2: zlnz > n”. Here Y(r) = n", and we bound the minimum by its second term. Since
every vertex has at least one outgoing edge, m > n, hence [nInn]+2 <nlnn+3 <27m(lnn+2).
Therefore

Niter(r) < ([nlnn] +2)n" < 27m(lnn + 2)n™ < 27m((Inn+2)Y (r) + e(lnn +1)).

Consequently, Eq. (6) holds with probability 1; since Niter(r) < ([nlnn] 4+ 2)n" for every r by
Lemma 7, the complementary null event contributes nothing to E¢[Nijter(r)]. Taking the expectation
of Eq. (6) over the smoothed perturbation r and applying Lemma 9,

E¢[Niter(r)] < 27m((Inn + 2) E¢[Y (r)] + e(lnn + 1))

§27m(%mn+2ﬂé&zt9

0+1
gsummn+mefj)

3(0+1)

(nlnm)? + e(lnn + 1))
(n1lnm)3

<324dmlnn K (nlnm)3,

where the third inequality uses e(Inn + 1) < (Inn 4+ 2)K @(n Inm)3, which follows from e <

K@(n Inm)? (since K > 1 and %(n Inm)3 > 3(nlnm)? > 3 > ¢), and the last inequality
uses Inn + 2 < 4Inn (which holds for n > 2). This is the claimed bound. O

E Mean-payoff Games

In this section, we provide the technical development for mean-payoff games that establishes Corol-
lary 11, combining a high-probability guarantee (Lemma 19) and an expected runtime guarantee
(Lemma 20). We first adapt the restarting algorithm of Section 7.2 to the mean-payoff setting and
establish a total iteration bound for it (Section E.1). Combining this bound with the tail bound
of Section 7.1 yields smoothed polynomial runtime with high probability (Section E.2); combining
it with the expected truncated inverse gap of Section 7.4 yields smoothed polynomial expected
runtime (Section E.3).

E.1 Restarting Mean-payoff Policy Iteration

In this subsection, we adapt the restarting variant of policy iteration to the mean-payoff setting,
called RePl,,, presented in full detail in Algorithm 3, and then establish a deterministic bound on
its total iteration count in terms of the Blackwell threshold vy (r) (Lemma 18).

Informal description. Our algorithm sweeps through the same geometric sequence of thresholds
Y =1—e*for k=0,1,...,[nlnn], with each successive threshold e times closer to 1 than the
previous one. For each k in turn, it solves the game with the discount factor v via the standard
discounted-sum PI(G,~g,r) to obtain a candidate strategy pair (Tmin, Tmax). The algorithm then
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tests whether this candidate pair is already optimal for the mean-payoff game. For this purpose,
we use the combinatorial strategy evaluation of | ], which reduces mean-payoff games to the
longest shortest paths problem and evaluates strategies using shortest distances to a sink. Their
method can determine whether a given positional strategy pair is mean-payoff optimal; we invoke
this test as a black box. If the test succeeds, the algorithm computes the mean-payoff value vector
induced by the candidate pair and returns both. Otherwise it proceeds to the next threshold v
and retries. If every threshold in the sequence fails to be optimal, the algorithm falls back to the
longest-shortest-path strategy-improvement algorithm of [ ], denoted by Ply,(G,r). We use
this algorithm as a deterministic black-box fallback: it returns a mean-payoff optimal positional
strategy pair and value vector, and for our purposes the upper bound of at most n" strategy
improvements is sufficient, which is due to the fact that there are at most n™ positional strategies
pairs in a game with n vertices.

Algorithm 3 Restarting Mean-payoff Policy Iteration: RePly,,(G,r)

1: Input: Graph G = (Viuin, Vinax, ) with n = [V| > 2, reward vector r € R”.
2: Output: Mean-payoff optimal strategy pair (7%, , 7 ..) and mean-payoff value vector p
for the game G™P*.

mp,r

3: Let kpax = [nlnn].

4: for k=0,1,..., knax do

5: Set the threshold discount factor v, = 1 — e~ *.

6: // Phase 1: Solve the discounted game at the threshold

7 (Tmins Tmax, fv, ) < PI(G, g, T)

8: // Phase 2: Mean-payoff optimality test

9: Use the longest shortest paths algorithm of | | to test whether (mmin, Tmax) is mean-
payoff optimal.

10: if (7Tmin, Tmax) i mean-payoff optimal then

11: Compute the mean-payoff value vector p™P* induced by (7min, Tmax)-

12: return (Tmin, Tmax, 4PF)

13: end if

14: end for

15: // Phase 3: Fallback
16: return Pl,,(G,r)

The intuition mirrors the discounted-sum case. Under the smoothed model, with high prob-
ability some threshold 7 in the sequence strictly exceeds the Blackwell threshold 7py(r). Thus,
the strategy pair returned by PI(G, v, r) is Blackwell optimal and consequently mean-payoff op-
timal | ], so the Phase 2 test succeeds and the algorithm terminates without reaching the
fallback.

Lemma 18 (Total iteration bound). Let G be any game graph with n > 2 and let r € R¥; write
Niter(r) for the total number of iterations performed by RePl,,,(G,r) (Algorithm 3), across all calls
to Pl and the optional Ply,, fallback. Then N (r) < ([nlnn] 4+ 2)n" for every r, and, under the
smoothed model, with probability 1,

m

et

Proof. The deterministic bound Nier(r) < ([nlnn] +2) n™ holds exactly as in Lemma 7: there are
at most [nlnn]+2 calls, each terminating in at most n™ iterations (the fallback Ply,, (G, r) likewise,
by [ ]). For the geometric bound, condition on the probability-one event from Lemma 14 with

Niter(r) S 27 -
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Fag = {9 : k£ =0,1,...,kmax}, and run the same case analysis as in Lemma 7 with two minor
changes. First, when 7,11 > pw(r), the unique optimal pair of G7+1'* is Blackwell optimal and
is also mean-payoff optimal [ ], so PI(G,~it1,r) returns it; the test based on longest shortest
paths from | | therefore certifies the pair as mean-payoff optimal in Phase 2, and the algorithm
terminates without triggering Phase 3. Second, when Phase 3 is triggered (i.e., Ypw(r) > Vk,....), the
fallback is Pl (G, r) rather than PI(G,~,r); it terminates in at most n™ iterations | |, and the
same bound n" < —™ £ ) applies in this regime. The geometric sum then combines

R :l_f"/bw(r) ln(lfvbw(r) . . 1.
as in Lemma 7 to give the second bound, which holds with probability 1 by Lemma 14. O

E.2 High Probability Guarantees

In this subsection, we combine the total iteration bound of Lemma 18 with the tail bound from
Section 7.1 to obtain a high-probability bound on the number of iterations of RePlyy,.

Lemma 19. Let G be any game graph. Under the smoothed model, for any e € (0,1), let x. be as
defined in Lemma 16. With probability at least 1 — € over the perturbation r, RePly,, (Algorithm 3)
executes a total of at most 27mx.In(en x.) iterations.

Proof. By Step 1 of the proof of Lemma 16, yw(r) < 1—1/z with probability at least 1 —e. As the
geometric bound of Lemma 18 holds with probability 1, assume this event together with it (their
intersection still has probability at least 1 — €), so m < z,, and the map y — yIn(eny) being

1—viw(r) ln(l—fﬁxr)) < z¢In(enz.). Lemma 18 then yields N (r) <

27TmxeIn(en x.). O

increasing on y > 1 gives

E.3 Expected Runtime Guarantees

In this subsection, we combine the total iteration bound of Lemma 18 with the bound on the
expected truncated inverse gap from Lemma 9 to obtain a bound on the expected number of
iterations of RePly,p,.

Lemma 20. Let G be any game graph. Under the smoothed model, the expected total number of

iterations executed by Algorithm 3 (across all Pl executions and the fallback Pl,,,, when triggered)

1s bounded by

3(0+1)
0

where K is defined in Eq. (3). In particular, this bound is polynomial in n,m, ¢, and 1/6.

3

324mnn K (nlnm)”,

Proof. The argument is identical to the proof of Lemma 17, invoking the total iteration bound
of Lemma 18 in place of Lemma 7. With probability 1 the same pointwise bound Njter(r) <
27m((Inn +2)Y (r) + e(Inn + 1)) holds, and since Nier(r) < ([nlnn] + 2)n™ for every r the com-
plementary null event contributes nothing to the expectation; taking the expectation and applying
Lemma 9 yields the stated bound. O

Proof of Corollary 11. The high-probability guarantee follows from Lemma 19. The expected run-
time guarantee follows from Lemma 20. O
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